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Abstract

We study the use of EDTOL languages to describe solutions to systems of equa-
tions in various classes of groups. We show that solutions to systems of equations
with rational constraints in virtually abelian groups can be expressed as EDTOL
languages. We also study the growth series of these solutions. In addition, we show
that the class of groups where solutions can be described using EDTOL languages
is closed under direct products, wreath products with finite groups and passing to
finite-index subgroups, using standard normal forms in each of the constructions.
Using these operations together, we show that the solutions to systems of equations,
when expressed as suitable quasi-geodesic normal forms, in virtually direct prod-
ucts of hyperbolic groups, including dihedral Artin groups, can be described using
EDTOL languages. We conclude by showing that single equations in one variable in
the Heisenberg group can also be expressed using EDTOL languages, with words ex-
pressed in Mal’cev normal form. Proving this requires us to first show that solutions

to quadratic equations in the ring of integers are EDTOL.
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Chapter 1

Introduction

Formal languages have been used in a variety of settings with finitely generated
groups over the last few decades. This is, in part, because a finite generating set for
a group can be thought of as an alphabet, with any set of words over the generating
set being a language that is easily associated with a subset of the group itself. In
1971, Anisimov proved that the set of all words over a generating set for a group G
that represent the identity element, called the word problem of G, forms a regular
language if and only if G is finite [5]. This deep connection between formal languages
and group theory has evolved over the subsequent decades with a number of striking
results. Perhaps one of the most celebrated is the result of Muller and Schupp,
finished later by Dunwoody, which states that the word problem of a group is a
context-free language if and only if the group is virtually free ([74], [37]).

Languages can also be used to study the growth series of a group: a group with a
regular geodesic normal form has a rational growth series. Regular languages can be
used to describe (A, p)-quasi-geodesics in hyperbolic groups if A and u are rational
[54]. In addition, languages have been used to study conjugacy representatives in
various classes of groups ([21], [55]). The complement of the word problem has
also been studied for a wide variety of groups, including Thompson’s groups, the

Grigorchuk group and Baumslag-Solitar groups ([10], [20], [57], [12], [62] [48]).

The primary focus of this thesis will be the use of languages to describe solutions to
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equations in groups. Equations are a generalisation of two of Dehn’s decision prob-
lems for groups: the word problem and the conjugacy problem (checking whether
any given pair of elements g and h in a group G are conjugate). An equation in a
group G is an identity w = 1, where w is a word over GG together with a finite set
of variables and their inverses. A solution to an equation is an assignment of an
element of G to each variable, such that plugging this into w yields a word equivalent
to 1. Thus the conjugacy problem in a group G can be thought of as solving the
equation X '¢gXh 't =1forall g, h € G.

Since the 1960s, many papers have discussed algorithms to decide whether or not
equations in a variety of different classes of groups admit solutions. A first major
positive result in this area is due to Makanin, during the 1980s, when he proved that
it is decidable whether a finite system of equations in a free group is satisfiable ([67],
[68], [69]). Since then, Makanin’s work has been extended to show the decidability
of the satisfiability of equations in hyperbolic groups ([82], [27]), solvable Baumslag-
Solitar groups [60], right-angled Artin groups [33] and more.

Whilst Makanin’s work can determine if an equation admits a solution, it does not
describe the set of solutions. Razborov later created a method that allows one to
construct the solutions to systems of equations in a free group ([79], [80]). Since
sets of solutions are often infinite, there are multiple ways they can be represented,
if at all. One method in which solutions can be described is by expressing the set

of solutions as a language, and then defining a grammar for the language.

In 2016, Ciobanu, Diekert and Elder successfully employed languages to describe the
set of solutions to systems of equations in free groups [17]. The class of languages
used was the class of EDTOL languages. Diekert and Elder generalised this to
virtually free groups [31], and Diekert, Jez and Kufleitner extended it to right-
angled Artin groups [32]. Hyperbolic groups ([18], [19]), virtually abelian groups
[47] and virtually direct products of hyperbolic groups [65] followed later. Context-
free languages do not in general work for describing equations. Even in Z, the system
X =Y and Y = Z would have the solution language {a*#a"#a"* | x € Z} with

respect to the standard normal form, and this is not a context-free language.
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Figure 1.1: Reading left to right gives the strict containments of the classes of
languages
EDTOL

Regular ETOL ———— Indexed

S

Context-free

Of course, it is possible to represent solutions in different language-theoretic ways,
such as by writing solutions as tuples of words. This yields some results in the
virtually abelian case, where solutions are shown to be accepted by multivariable
finite-state automata, which we explore in Chapter 4. However, in most other classes
of groups studies, this has not been shown to work. In the Heisenberg group, which
is considered in Chapter 6, single equations with one variable will not in general

have a context-free solution language, so EDTOL does appear to be more fitting.

In the 1960s, Lindenmayer introduced a collection of classes of languages called L-
systems, which were originally used for the study of growth of organisms. EDTOL
languages are one of the L-systems, and were introduced by Rozenberg in 1937 [85].
L-systems, including EDTOL languages, were the focus of a number of computer
science articles in the 1970s and early 1980s. Since Ciobanu, Diekert and Elder’s
use of EDTOL languages to study equations in free groups, a number of other works
have used EDTOL languages (or a similar class called ETOL languages) ([11], [14],
[20]). Figure 1.1 shows how EDTOL and ETOL languages fit into the Chomsky

hierarchy of languages.

The structure of this thesis is as follows. Chapter 2 covers the preliminary informa-
tion used in later chapters, including formal languages, space complexity, regular,
context-free and indexed languages, rational and recognisable subsets of groups, and
group equations. Chapter 3 includes the definition of EDTOL and ETOL languages,
and aims to provide a comprehensive introduction to these classes. It contains proofs

of a number of results from the 1970s.
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Chapter 4 is based on the joint work of the author with Alex Evetts [47] and the
author’s work [65], and covers the proof that solutions to systems of equations in
virtually abelian groups can be represented as EDTOL languages. We prove the

following;:

Theorem 4.3.16. The solution language to any system of equations with rational
constraints in a virtually abelian group is accepted by a multivariable finite-state

automaton.

Corollary 4.3.17. The solution language to any system of equations with rational

constraints in a virtually abelian group is EDTOL.

We also consider the growth series of solutions to equations in virtually abelian

groups.

Theorem 4.4.3. Let G be a virtually abelian group. Then every algebraic set of G

has rational weighted growth series with respect to any finite generating set.

Corollary 4.4.21. FEvery algebraic set of a virtually abelian group has holonomic

weighted multivariate growth series.

Chapter 5 is based on the author’s work [65], and proves that the solution languages
to systems of equations in various extensions of groups are EDTOL. This is used to
show that solutions to systems of equations in virtually direct products of hyperbolic
groups, including dihedral Artin groups, can be expressed as EDTOL languages. We

show:

Theorem 5.1.1. Let G and H be groups where solution languages to systems of
equations are EDTOL, with respect to normal forms ng and ng, respectively, and
EDTOL systems are constructible in NSPACE(f), for some function f: Zsoy — Z>y.
Then in the following groups, solutions to systems of equations are EDTOL, and an

EDTOL system can be constructed in NSPACE(f):

4
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1. GUF, for any finite group F (Proposition 5.4.5);
2. G x H (Proposition 5.4.6);
3. Any finite index subgroup of G (Proposition 5.5.3);

In the following groups, solutions to systems of equations are EDTOL, and an EDTOL
system can be constructed in NSPACE(n* logn):

4. Any group that is virtually a direct product of hyperbolic groups (Corollary
5.6.9);
5. Dihedral Artin groups (Corollary 5.6.10).

If ng and ng are both quasi-geodesic or reqular, then the same will be true for the
normal forms used in (1), (2) and (3). It is possible to choose normal forms for
the groups that are virtually direct products of hyperbolic groups in (4), and dihedral

Artin groups in (5) that are reqular and quasi-geodesic.

Chapter 6 is based on the author’s work [66], and covers single equations in one vari-
able in the Heisenberg group. This is done by first expressing solutions to quadratic
Diophantine equations in the ring of integers as EDTOL languages, as in Theorem

6.5.15. We show the following;:

Theorem 6.6.5. Let L be the solution language to a single equation with one vari-
able in the Heisenberg group, with respect to the Mal’cev generating set and normal

form. Then

1. The language L is EDTOL;
2. An EDTOL system for L is constructible in NSPACE(n®(logn)?), where the
input size is the length of the equation as an element of H(Z) x F(X).

Theorem 6.5.15. Let

aX?+ BXY +Y2+0X +eY +( =0

be a two-variable quadratic equation in the ring of integers, with a set S of solutions.

Then
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1. The language L = {a®#b¥ | (z, y) € S} is EDTOL over {a, a™', b, b=, #};
2. Taking the input size to be max(|c|, |5|, |v], 9], |el, |¢]), an EDTOL system
for L is constructible in NSPACE(n* logn).

In Chapter 7 we explicitly construct the systems of equations in the ring of integers
that single equations in class 2 nilpotent groups are ‘equivalent’ to. We then use
this to show that the satisfiability of single equations in virtually the Heisenberg

group is decidable.

Theorem 7.3.6. The single equation problem in a wvirtually Heisenberg group is

decidable.

Further work includes using some of the explicit constructions in Chapter 7 to show
equations in more than one variable in the Heisenberg group are or are not EDTOL
with respect to the Mal’cev normal form. This could also be extended to show that
the satisfiability of single equations in virtually a class 2 nilpotent groups with a

virtually cyclic commutator subgroup is decidable.



Chapter 2

Preliminaries

In this chapter we cover the preliminaries which we will need for later chapters. We
start with the basic definitions of formal languages and space complexity. We then
cover the definitions of three standard classes of languages: regular, context-free
and indexed. Using the definition of regular languages, we can define rational and
recognisable subsets of groups. We conclude with definitions and examples of group

equations, as well as ways in which we can represent their solutions as languages.

Notation 2.0.1. Please note the following notation conventions:

1. Functions will be written to the right of their arguments; that is (z)f or = f
will be used instead of f(z);
2. If S is a subset of a group, we define S* = SUS™!, where S = {s7! | s € S}.

2.1 Formal languages

Formal languages have been used across mathematics, computer science and linguis-
tics for a variety of purposes. Many different classes of languages exist, often defined
by a type of grammar. Using a language to represent a decision problem can mea-
sure a type of ‘complexity’ for the problem. This type of complexity is often related
to space complexity. In Chapters 4 to 6 we will assign a ‘language complexity’ to

the solutions to systems of equations in certain classes of groups.

7
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We start with the definition of an alphabet, a word and a language.

Definition 2.1.1. An alphabet is a finite set. Elements of an alphabet are called

letters.

A finite sequence (ay, ..., a,) of letters in an alphabet ¥ is called a word over %,

and denoted a; - --a,. A language over X is a set of words over X.

The empty word is the word obtained from an empty sequence (over any alphabet),
and is denoted by €.

We gives some examples of languages.

Example 2.1.2.

1. The set of words in the English dictionary is a finite language over the alphabet
{a, ..., z} with a few extra symbols;

2. The set {e, a, a* ...} of all words over the single-letter alphabet {a} is a
language;

3. The set of all binary strings with the same number of Os as 1s is a language

over the alphabet {0, 1}.

We introduce two standard operations on languages.

Definition 2.1.3. Let L and M be languages. The Kleene star closure of L, denoted
L*, is defined by

L*:{wl"'wn|n€Z207 Wi, -, U}nEL}

The concatenation of L with M, denoted LM, is defined by

LM ={uw |uelL, ve M}

Remark 2.1.4. If ¥ is an alphabet then X* is the set of all words over X.

We give some examples of the use of concatenation and Kleene star closure.
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Example 2.1.5. Let L = {a}* = {¢, a, a?, ...}, andlet M = {b}* = {e, b, b?, ...}.

1. The concatenation LM is the language {a™b™ | m, n € Zxo};
2. The Kleene star closure of L is L;
3. The Kleene star closure of LM is {a, b}*.

2.2 Free monoids

Free monoids and homomorphisms between free monoids appear throughout lan-
guage theory and are central to the definition of an EDTOL language. We give a
brief definition of a free monoid. Note that within this thesis we will only be consid-
ering finitely generated free monoids; however, the definition extends easily to the

infinite case.

Definition 2.2.1. Let ¥ be a finite set. The (finitely generated) free monoid on ¥,

denoted ¥, is the monoid of all words over ¥, with the operation of concatenation.

Remark 2.2.2. We are using the same notation >* to denote both the free monoid

on ¥ and the underlying set of the free monoid (the set of all words over ¥).

Remark 2.2.3. We will frequently refer to a free monoid homomorphism. This is
a homomorphism ¢: ¥* — A* for some free monoids >* and A*. Note that to fully
define ¢, we only need to know where every element of ¥ goes, as the fact that ¢ is a
homomorphism determines the action of ¢ from its action on . We will frequently

define free monoid homomorphisms by their action on their domains.

2.3 Space complexity

We give a brief definition of space complexity. We refer the reader to [77] for a
comprehensive introduction to space complexity. We will be considering EDTOL
systems in detail in later chapters, and we refer to [17] for the consideration of space

complexity when constructing EDTOL systems.
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Definition 2.3.1. Let f: Z>¢ — Z>( be a function. We say that an algorithm runs
in NSPACE(f) if it can be performed by a non-deterministic Turing machine with
the following:

1. A read-only input tape;
2. A write-only output tape;
3. A read-write work tape such that now computation path in the Turing machine

uses more than O(nf) units of the work tape, for an input of length n.

An algorithm is said to run in non-deterministic linear (resp. quadratic, resp. poly-
nomial) space if it runs in NSPACE(f), for some linear (resp. quadratic, resp. poly-

nomial) function f: Zs¢ — Zxo.

Remark 2.3.2. We will often say that grammars or automata that define languages
are constructible in NSPACE(f). This means that there is an algorithm that runs in
NSPACE(f), which takes an input that will be specified (which is sometimes other

grammars or automata), and outputs the desired grammar or automaton.

2.4 Regular languages

The Chomsky hierarchy of languages is the ascending sequence (with respect to
containment) which comprises the classes of regular, context-free, context-sensitive,
recursive and recursively enumerable languages. Recursively enumerable languages
are those accepted by a Turing machine, and recursive languages are those that are
both recursively enumerable, and have a recursively enumerable complement. We
define context-free languages in the appendix (A.1), and refer the reader to [58] for

a comprehensive introduction to the languages in the Chomsky hierarchy.

The most restrictive class of languages in Chomsky’s hierarchy is the class of regular
languages. These have been widely studied and used in a variety of fields across
mathematics and computer science. We begin with the definition of a finite-state
automaton. We refer the reader to [56] for a more thorough introduction to regular

languages.

10
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Figure 2.1: Finite state automaton for for {a™bc" | m, n € Z>q}, with start state
qo and accept state qq.

b

Definition 2.4.1. A finite-state automaton is a tuple A = (X, T', qo, F), where

1. X is an alphabet;
' is a finite edge-labelled directed graph with labels from ¥ U {e};
qo € V(I') is called the start state;

- W

F C V(') is called the set of accept states.
We call vertices in I' states.

A word w € ¥* is accepted by A if there is a path in I' from ¢y to a state in F,
where w is the word obtained by concatenating the labels of the edges in the path.
The language accepted by A is the set of all words accepted by A.

A language is called regular if it accepted by a finite-state automaton.

Example 2.4.2. We will show that the language L = {a™bc" | m, n € Z>o} is
regular over {a, b, c}. The finite-state automaton defined in Figure 2.1 accepts a
language that is contained in L, as reading any word in the automaton results in
reading any number of as, followed by one b, followed by any number of c¢s. Moreover,
if w = a™bc™ € L, then we can use this automaton to accept w by traversing the
edge labelled by a at gy m times, then reading one b to transfer to ¢y, then traversing
the ¢ edge n times, before being accepted. Thus this automaton accepts L, and L

is a regular language.

We consider the closure properties that regular languages satisfy. A full abstract
family of languages is a class of languages that is closed under finite unions, finite
intersections, Kleene star closure, images under free monoid homomorphisms and

pre-images under free monoid homomorphisms. Regular languages form the smallest

11
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full abstract family of languages. For the space complexity claims, we refer the reader

to Remark 2.3.2 for the definition of constructible.

Lemma 2.4.3. Let L and M be reqular languages over alphabets 5, and ¥y, that
are constructible in NSPACE(f) for some f: Zso — Z>o. Let ¢: 35 — X3, be a free

monoid homomorphism that is constructible in constant space. Then the following

languages are reqular, and constructible in NSPACE(f):

S v e =

LUM (union);

LN M (intersection);
LM (concatenation);

L* (Kleene star closure);
L¢ (homomorphism);

Lo~ (inverse homomorphism,).

Proof Let A, = (X, I'z, qr, Fr) and Ay = (2, T, qur, Far) be finite state au-
tomata accepting L and M, respectively, that are both constructible in NSPACE( f).

1.

The finite state automaton that accepts LU M is obtained by taking the union
', Ul')s and adding an additional state, go. We attach an e-labelled edge from
Qo to qr, and g/, and then set gg to be the start state. The accept states will be
Fp U F);. Printing this can be done using the memory required to print both

of Ay and Ay, plus a constant, and thus it is constructible in NSPACE(f).

. We can take A; x Ay, to be our finite state automaton for L N M, where

the start state is (qz, qu), and the set of accept states is F, x Fy;. To write
this down, we proceed with the construction of Ay, but whenever we would
normally output a state ¢, we instead output {¢q} x Ay, and whenever we
would add an edge between states ¢; and g9, we instead add all edges between
{@1} x Ay and {g2} x Ay, by going through the construction of Ay;. To
do this, we never need to store more than the information required to write

down both Aj,; and A plus a constant, and thus this can be completed in

NSPACE(f).

. We construct a new automaton whose directed graph is I'y UT'),, and with an

e-labelled edge added from each accept state of A; to gy;. We then set the

12
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start state to be ¢;, and the set of accept states to be Fj;. By construction,
the set of words accepted by this finite-state automaton will trace an accepted
path in 'z, and then an accepted path in I'y;, and thus will be LM. We can use
the same argument from (1) to show that this is constructible in NSPACE(f).

4. To create a finite-state automaton accepting L*, we modify A; by adding
an e-labelled edge from every accept state to the start state. We only need
the information to construct A; to construct this, and so it can be done in
NSPACE(f).

5. We can do this by constructing A, except whenever we would output an
edge labelled with a, we instead output a path labelled with a¢. As we only
need the information necessary to construct 4 and ¢, this is constructible in
NSPACE(f).

6. We adapt the construction in [19], Proposition 3.3. First let ¥, = {a | a € ¥}
be a copy of ¥y, disjoint with ¥, and let L be the language obtained from

L by replacing every occurrence of a € %y with a. Now let

K:{yoxlyl"'xnyn|nez>0a 171"'1'716[_1, Y, -, ynGZ*M}'

We can construct a finite state automaton accepting K in NSPACE(f), by
constructing Ay, but replacing each occurrence of a € ¥ with a, and then for
each a € X, adding a loop in each vertex labelled with a € ¥. Now consider

the regular language

S ={(110)71(¥20)02 - - - (Yn®)Yn | 1 € Lo, Y1, .-, Yn € XL}

Note that the size of S is constant; it depends only on ¢. Let 7: (X3,UX1)* —
(3ar)* be the free monoid homomorphism defined by ar = a if a € 3, and
ar = ¢, if a € ¥y. By construction, L¢p~t = (K N S)7. Using (2) and (3), it
follows that Lo~! is constructible in NSPACE(f).

U

An alternative method of defining regular languages is through the use of rational

expressions. These are discussed in detail in [58], Chapter 2. They are built by

13
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writing regular languages using finite languages and the following operations: finite
union, concatenation and Kleene star closure. Lemma 2.4.3 shows that any language
defined this way will indeed be regular. It still remains to show that they define all
regular languages. We begin with the definition.

Definition 2.4.4. We define a rational expression (sometimes called a regular ex-

pression) inductively as follows.

1. Finite languages are rational expressions, which we denote {wy, ..., w,};

2. If R and S are rational expressions, then RS is. This defines the concatenation
of the languages that R and S define;

3. If R and S are rational expressions, then R U S is a regular expression. This
defines the union of the languages that R and S define;

4. If R is a rational expression, then R* is. This defines the Kleene star closure
of the language that R defines;

5. If R is a rational expression, then (R) is. This defines the same language as R.

We use parentheses to give the order in which operations are to be performed.

When no parentheses are used, Kleene star operators are applied first, then con-

catenation, then union.

We give some examples of rational expressions and the languages they define.

Example 2.4.5.

1. As finite languages {a, b}, {b, cd} and {d} are rational expressions;

2. Since {a, b} is a rational expression, {a, b}* is, which defined the Kleene star
closure of {a, b}; that is, the set of all words over {a, b};

3. As the concatenation of two rational expressions {a, b}*{d} is a rational ex-

pression. It defines the language

{wd | w € {a, b}"};

4. As the union of two rational expressions ({a, b}*{d}) U {b, cd}* is a rational

14
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expression. It defines the language
{wd | w € {a, b} }U{b, cd}".

The class of languages accepted by rational expressions is the class of regular lan-

guages. We refer the reader to [58] for the proof.

Theorem 2.4.6 (Kleene’s Theorem, [58], Theorem 2.3 and Theorem 2.4). A lan-

gquage 1s reqular if and only if it is defined by a rational expression.

2.5 Rational and recognisable subsets of monoids

We cover here the basic definitions of rational and recognisable subsets of monoids.
Both types are used as constraints for variables in equations in groups, and we will
use recognisable constraints to show that the class of groups where solutions to
systems of equations form EDTOL languages is closed under passing to finite index
subgroups. Rational subsets of monoids are required in the definition of an EDTOL

language.
Definition 2.5.1. Let S be a monoid, and ¥ be a (monoid) generating set for S.
Define 7: ¥* — S to be the natural homomorphism. We say a subset A C S is
1. recognisable if Am~! is a regular language over ;
2. rational if there is a regular language L over I, such that A = L.
Remark 2.5.2. Recognisable sets are rational.
In a free monoid, rational sets are recognisable as well; this is part of Kleene’s

theorem that we omitted earlier. However, this is not true in general for arbitrary

monoids.

We give a few examples of recognisable and rational sets.

Example 2.5.3. Finite subsets of any monoid are rational. Finite subsets of a
group G are recognisable if and only if G is finite [53]. Finite index subgroups of

any group are recognisable, and hence rational.
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The following result of Grunschlag relates the rational subsets of a finite index

subgroup of a group G to the rational subsets of G itself.

Lemma 2.5.4 ([52], Corollary 2.3.8). Let G be a group with finite generating set
Y., and H be a finite index subgroup of G. Let A be a finite generating set for H,
and T be a right transversal for H in G. For each rational subset R C G, such that
R C Ht for somet € T, there exists a (computable) rational subset S C H (with
respect to A), such that R = St.

Herbst and Thomas proved that recognisable sets in a group G are always finite
unions of cosets of a finite index normal subgroup of G' [53]. This can be used to

prove many facts about recognisable sets, including the following lemma.

Lemma 2.5.5. Let G be a finitely generated group with a finite index subgroup H,
and let S C H. Then S is recognisable in G if and only if S is recognisable in H.

2.6 Group equations and languages

2.6.1 Group equations

We define here a system of equations within a group, and certain generalisations
including twisting and constraints. Twisted equations prove useful in showing that
systems of equations with rational constraints in finite extensions of a group G have

EDTOL solutions, if systems of equations in G have EDTOL solutions.

Definition 2.6.1. Let G be a group, and X be a finite set of variables. A finite

system of equations in G with variables X is a finite subset £ of G % Fly, where Fly

is the free group on a finite set X. If &€ = {wy, ..., w,}, we view £ as a system
by writing wy, = wy = -+ = w, = 1. A solution to a system w; = --- = w, =1
is a homomorphism ¢: Fy — G, and such that wi¢ = -+ = w,¢ = lg, where ¢ is

the extension of ¢ to a homomorphism from G * Fy — G, defined by g¢ = ¢ for all
g€ qG.
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Let Q < Aut(G). A finite system of Q-twisted equations in G with variables X is a
finite subset &€ of the monoid (GU Fiyx x 2)*, and is again denoted wy = - -+ = w,, = 1.

Define the function
p: G x Aut(G) - G
(9, V) = g¥.

If ¢: Fy — G is a homomorphism, let ¢ denote the (monoid) homomorphism from
(G U Fy x Q) to (G x Q)*, defined by (h, )¢ = (ho, ) for (h, ) € Fy x
and g¢ = ¢ for all g € G. A solution is a homomorphism ¢: Fy — G, such that
w1 gp = -+ = wpdp = lg. When Q = Aut(G), we omit the reference to €, and call

such a system a finite system of twisted equations.

For the purposes of decidability in finitely generated groups, the elements of G
will be represented as words over a finite generating set, and in twisted equations,

automorphisms will be represented by their action on the generators.

A finite system of (twisted) equations with rational (recognisable) constraints £ in
a group G is a finite system of (twisted) equations F with variables Xy, ..., X,
together with a tuple of rational (recognisable) subsets Ry, ..., R, of G. A solution
to £ is a solution ¢ to F, such that X;¢ € R; for all i.

Remark 2.6.2. A solution to an equation with variables Xy, ..., X, will usually be
represented as a tuple (z1, ..., x,) of group elements, rather than a homomorphism.

We can obtain the homomorphism from the tuple by defining X; — x; for each 1.

Example 2.6.3. Equations in Z are linear equations in integers, and elementary

linear algebra can be used to determine satisfiability, and also describe solutions.

For example, if we write a as the free generator for Z, then

a*Xa’Y 'a'Ya ' X =1 (2.1)
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is an equation in Z. We can rewrite (2.1) using additive notation as
3+ X -5-Y+7+Y -14+X =0. (2.2)

Using the fact that Z is abelian, we can manipulate (2.2) to obtain the following

equation with the same set of solutions:
2X 4+4=0.

Thus our set of solutions (when written as tuples) will be

12, 9) |y eZy.

Example 2.6.4. The conjugacy problem in any group can be viewed as an equation
X~1gX = h, where g and h are group elements, and X is a variable. For example,
in the free group F'(a, b), one could consider the equation X 'abX = ba. The set
of solutions is {(ab)"b~! | n € Z}.

The twisted conjugacy problem can similarly be viewed as the equation X 1gX =

h®, for some automorphism ®.

0 1
Example 2.6.5. Let & = € GLy(Z). Consider the twisted equation in
-1 0

72, with the variables X and Y:
(X)® =Y.

This is just the automorphism problem in Z?, which can be solved using elementary
linear algebra. In the free group F(a, b), an example of a twisted equation would
be X (Y)aY = bX !, for some 1) € Aut(F(a, b)) although computing solutions to

this is more difficult.
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2.6.2 Solution languages

We now explain how we represent solution sets as languages. We start by defining

a normal form.

Definition 2.6.6. Let G be a group, and X be a finite generating set for G. A
normal form for G, with respect to X, is a function n: G — (X*)* that fixes XF,

and such that gn represents g for all g € G.
A normal form 7 is called

1. regular if im7 is a regular language over XF;
2. geodesic if imn comprises only geodesic words in G, with respect to ¥; that is

for all g € G, |gn] = gl
3. quasi-geodesic if there exists A > 0 such that |gn| < Mg|en)+Aforall g € G.

Note that we are insisting our normal forms produce a unique representative for

each element, since functions can only map elements to one image.

We are now in a position to represent solutions as languages, with respect to a given

normal form.

Definition 2.6.7. Let G be a group with a finite inverse closed generating set X,
and let n: G — (¥%)* be a normal form for G with respect to X. Let € be a
system of equations in G with a set S of solutions. The solution language to & is

the language
{(gm)# - #(gnn) | (91, -, gn) € S}

over XF L {#}.

Remark 2.6.8. We now introduce space complexity to solution languages. We first
need to define the ‘size’ of a system of equations, in order to measure our input.
The definition of size can vary, as specific groups can have different ways of writing
equations. For example, in [47], equations in virtually abelian groups were stored
as tuples of integers, as this compressed the size of the equations, whilst storing

all of the necessary information. This approach has not always been used in other
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cases when compression was possible. When we deal with virtually abelian groups

on their own, we will use this definition when referring to equations.

When discussing equations in constructions based on other groups (such as direct
products, finite index subgroups, wreath products), we will ‘inherit’ the input defi-
nition from the groups they are defined from. If these vary, we will use the general
definition, which is less efficient than the specific virtually abelian case, and as a
result, will still yield (at least) the same results. The general definition of equation
size will also be used when talking about groups that are virtually direct products

of hyperbolic groups.

We start with the general definition of equation length.

Definition 2.6.9 (General case). Let G be a group, and w = 1 be an equation in
G. Recall that w € Fy % G, for some finite set V. Fix a generating set X for G. We
define the length of w = 1 to be the length of the group element w € Fy x G, with
respect to the generating set GU V.

Let & be a finite system of equations in GG. The length of £ is the sum of the lengths

of all equations in &.

Before we define virtually abelian equation length, we must first consider the free
abelian case. The compression is possible because we can store an integer n with

log n + ¢ bits, for some constant c¢. This is covered in greater detail in [47], Remark

3.6 and Remark 3.10.

Definition 2.6.10 (Virtually abelian case). Let a1, ..., aj denote the standard

generators of ZF.

1. Let w = 1 be an equation in ZF with a set {X;, ..., X,} of variables. By

reordering a given expression for w, we can assume w = 1 is in the form
b1 bn C1 Cr __
X Xbra§t el =1,
where by, ..., b,, c1, ..., ¢ € Z. We can then define the free abelian length
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of w=1to be .
Zlog b + Zlog lcj| + Ckn.
i=1 j=1

2. Suppose now u = 1 is a twisted equation in Z*. By rearranging u, we can

assume it is of the form
(X1By) -+ (X,Bp)af* -+ - ai’“ =1,

where each B, = [b,;] is a k X k integer-valued matrix (not-necessarily invert-
ible). These are described in more detail in the proof of Lemma 3.3 in [47].

The free abelian length of w = 1 is defined to be

k
Z log |b,4;| + C'k>.
ij=1
where C" is a constant.
From [47], any equation u = 1 in a virtually abelian group induces a twisted
equation & = 1 in a free abelian group, which is unique up to the choice of
transversal. We fix a choice of transversal, then define the virtually abelian
length of u =1 to be the free abelian length of u = 1.
Let &€ be a finite system of equations in a virtually abelian group. The virtually
abelian length of £ is the sum of the virtually abelian lengths of all equations

in €. Free abelian length of a system of equations is defined analogously.

We now use these lengths as our input size. Unless we explicitly state that we are
using virtually or free abelian equation length, we will assume we are using the

general version of equation length.

Definition 2.6.11. Let C be a class of languages, and fix a type of machine or
grammar that constructs languages in C. Let f: Z>g — Z>o. Let G be a group
with a finite generating set ¥, and let  be a normal form for (G, ¥). We say that
solutions to systems of equations in G, with respect to n, are C in NSPACE(f) if

1. The solution languages to systems of equations in G are C with respect to 7;

2. Given a system of equations £ in ¢, a machine or grammar accepting the
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solution language can be constructed in NSPACE(f), with £ as the input.

Remark 2.6.12. Since the main class of languages we will be using to describe
solutions is the class of EDTOL languages, we will usually say EDTO0L in NSPACE(f),
and the type of grammar we refer to when we say this is the EDTOL system. We
use EDTOL, as it is (in most studied cases) the smallest class that works. We have
yet to find an example where solution languages can be shown not to be EDTOL (at

least in a case when the satisfiability of equations is decidable).

The next well-studied classes of languages containing indexed is context-sensitive.
This is too general for results to be particularly interesting, as any group with
a context-sensitive word problem will have a context-sensitive solution language to
any system of equations. A language is context-sensitive if it is accepted by a Turing
machine with a linearly bounded work tape (in terms of the input). Thus any system
of equations could be copied onto the tape (leaving space for the variables), which
uses a linear amount of space. We can then input our tuple into the Turing machine
by writing each word into the gaps we left for tuples, and then solve the word
problem. After this we intersect with our (context-sensitive) normal form, to obtain
the desired solution language. The class of groups with a context-sensitive word
problem is fairly wide; Shapiro showed that it contains all subgroups of automatic

groups [90].
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EDTOL languages

3.1 Introduction

In the 1960s, Lindenmayer introduced a collection of classes of languages called L-
systems. Originally used to study growth of organisms, L-systems saw significant
interest in the 1970s and early 1980s, and Lindenmayer’s original classes inspired
the definitions of many other L-systems, including Rozenberg’s EDTOL and ETOL
languages [85]. These classes have recently had a wide variety of applications in and

around group theory ([20], [14], [17], [19], [47], [32], [65], [11]).

Figure 1.1 gives the relationship between EDTOL, ETOL, regular, context-free and
indexed languages (the definitions of context-free, indexed and ETOL languages are
not used, but are included in the appendix for the sake of completeness). The facts
that regular languages are EDTOL and EDTOL languages are ETOL are immediate
from the definitions. Example 3.2.3 gives an example of an EDTOL language that is
not context-free. The existence of context-free languages that are not EDTOL was
first shown by Ehrenfeucht and Rozenberg [41]. The fact that ETOL languages are
indexed is considered in Section B.8, and Ehrenfeucht, Rozenberg and Skyum first

showed the existence of an indexed language that is not ETOL [42].

We give an introduction to the class of EDTOL languages and include proofs of

some results. Whilst this section is far from an exhaustive survey of these classes of
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languages, we have included a variety of results, both in this chapter or Appendix

B.

We begin with the definition of EDTOL languages in Section 3.2. Section 3.3 cov-
ers common alternative definitions and basic closure properties of these classes of
languages. Appendix B contains more information on EDTOL languages and the

definition of ETOL languages.

3.2 EDTOL languages

We start with the definition of an EDTOL language. Whilst the definition is fairly
technical, EDTOL languages are very natural to work with, and a greater under-
standing of EDTOL languages can be gleaned from an example, such as Example
3.2.3. The original definition is due to Rozenberg [85], however, the use of the ratio-
nal control, which often makes working with EDTOL languages much easier, is due

to Asveld [6].

Definition 3.2.1. An EDTOL system is a tuple H = (X, C, w, R), where

1. X is an alphabet, called the (terminal) alphabet;
2. (C'is a finite superset of X, called the extended alphabet of H,;
3. w € (" is called the start word;

4. R is a regular (as a language) subset of End(C*), called the rational control
of H.

The language accepted by H is
L(H)=A{wod | p € R} NE".

A language accepted by an EDTOL system is called an EDTOL language.

The alphabet of the rational control is a minimal set B of labels on a finite-state
automaton accepting R (with respect to cardinality). We say that H is an EPDTOL
system if c¢ # € for all c € C' and ¢ € B.
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There are a number of different definitions of an EDTOL system, that all generate
the same class of languages. In [17] and [20], the definition is the same as given
here, except for the insistence that the start word is a single letter. In [86], and
many earlier publications, the definition is what is given above, except they only
allow rational controls of the form A*, for some finite set of endomorphisms A. This
definition is again equivalent to the definition we have given [7], but proves to be
cumbersome when proving languages are EDTOL. We show the equivalence of these

definitions in Section 3.3.

To streamline the definition of specific EDTOL systems, we introduce the following

notation convention for specifying endomorphisms of a given free monoid.

Notation 3.2.2. When defining endomorphisms of C* for some extended alphabet
C, within the definition of an EDTOL system, we will usually define each endomor-
phism by where it maps each letter in C'. If any letter is not assigned an image
within the definition of an endomorphism, we will say that it is fixed by that endo-

morphism.

The following is a standard example of an EDTOL language that is not context-free.

Example 3.2.3. The language L = {a™ | n € Z} is an EDTOL language over the
alphabet {a}. This can be seen by considering C = {1, s, t, u, a} as the extended
alphabet of an EDTOL system accepting L, with L as the start word, and using the
finite state automaton from Figure 3.1 to define the rational control. Note that the

rational control can also be written as ¢, (¢1¢2)*@s.

Since we devote a lot of time to EDTOL solution languages in future chapters, we

give an example of an equation in a group with an EDTOL language of solutions.

Example 3.2.4. Consider the equation XY ™! = 1 in Z with the presentation {(a ).

The solution language with respect to the standard normal form is
L={a"#da" | n €7},

over the alphabet {a, a™!, #}. The language L is EDTOL; our system will have
the extended alphabet {1, #, a, a~'} and rational control defined by Figure 3.2.
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Figure 3.1: Rational control for L = {a”2 | n € Z+o}, with start state gy and accept

state gs.
®

Note that the rational control can also be expressed using the rational expression

{e*, vi}o.

This language is not regular, which can be shown using the pumping lemma ([56],

Theorem 2.5.17)

3.3 Alternative definitions and closure properties

We now consider some of the basic properties of EDTOL languages. We start with a
theorem that gives a number of restrictions that can be put on EDTOL (and ETOL)
systems, without affecting the class of languages they define. Frequently, EDTOL
and ETOL systems are defined with these restrictions in place. In much of the
literature during the 1970s, the restriction (3) is used as part of the definition. We
refer the reader to Section B.1 for the definition of E(P)TOL languages.

Theorem 3.3.1. The class of languages accepted by E(P)(D)TOL systems is un-

changed if one assumes:
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Figure 3.2: Rational control for L = {a"#a™ | n € Z} with start state g, and accept
state qs.

p_:

1. The start word is a single letter;

2. Fvery table in the alphabet over which the rational control is a reqular language
fizes every letter in the terminal alphabet.

3. The rational control is of the form B* for some finite set B of endomorphisms;

4. All of the above.

In addition, one can switch between definitions, without affecting the space complex-

ity of the systems.

Proof We have that if all E(P)(D)TOL languages are accepted by E(P)(D)TOL
systems satisfying (4), it follows that all E(P)(D)TOL languages are accepted by
E(P)(D)TOL systems satisfying (1), (2) and (3). Moreover, as they are still E(D)T0OL
systems, the languages accepted by systems satisfying (1), (2) and (3) will still be
E(D)TOL. Thus it suffices to show that every E(P)(D)TOL language is accepted by
a system satisfying (4).

Let L be a language accepted by an E(P)(D)TOL system H = (X, C, w, R).
Let L¢ C, and extend each table ¢ over C to a table ¢ over C' U {L} by setting
1 ¢ = {L}. Define a table (which induces an endomorphism) 1 over C U {1} by
1 ¢ = {w}, and cip = {c} for all ¢ € C. We have that (X, CU{L}, L, yR)
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accepts L.

For the space complexity, first note that 1 can be written down using constant
space. As C is constructible in NSPACE(f), we have that C'U {L} is constructible
in constant space. To record @ we need only the information required to record
C'U{L} and then w, all of which are constructible in NSPACE(f). It follows that
YR is constructible in NSPACE(f), and thus the E(P)(D)TOL system is.

By redefining C' to be C' U {L} and R to be R, we can now assume that H is of
the form (2, C, 1, R).

Let B be the finite set of tables that is the alphabet of R. We will create a new
E(P)(D)TOL system from H so that every table in B fixes every letter in the target
alphabet. Let C' = {¢ | ¢ € C} be a disjoint copy of C. For each ¢ € B define the
table ¢ over C'U X by

— % c=deC
cp =
{c} ceX.
Also define 6 by
{c} c¢X
cl =

{b} c=bex.

Let R be the rational subset of (End(C U X)*) obtained by replacing each ¢ in B
within a finite-state automaton for R with its barred version. By construction, the

E(P)(D)TOL system (X, CUY, @, R#) accepts L.

We now show that this E(P)(D)TOL system is constructible in NSPACE(f). As C
and ¥ are constructible in NSPACE(f), it follows that C'U ¥ is also. Constructing
a barred version of w can be done in the same space required to construct w. Since

each barred version of a table in R requires the same space to construct, it follows

that R, and hence Rf can be constructed in NSPACE(f).

We can now assume that # satisfies (1) and (2), and we will use this to define an
E(P)(D)TOL system that satisfies (1), (2) and (3). Let A= (Q, %, J, q, F) be a
finite state automaton for R. Let Cipg = {c? | c € C, ¢ € Q} UX U {k}, where x

is a symbol not already used, and for each ¢ € (', ¢? is a distinct new letter for all
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q € Q. We will use k as a ‘fail symbol’. For each transition in A from a state p; to

a state po, labelled with ¢ € B, define a table @ over Clq by

{d”? | d € cop} p1=q
1) = {e7} p#q

{k} ¢l = K.

Let Bung = {¢ | ¢ € B}, and g = {a? | a € &, ¢ € F}. By construction, the
E(P)(D)TOL system (Xing, Cina, L%, B ) accepts the language

M={a---al|a; €%, g€ F, a1---a, € L}.
Now define 6 € End(C},) by

c cyed, qgelF
g — {c} q

{k} otherwise.

Thus L is accepted by the E(P)(D)TOL system (2, Cig, L%, (BpnaU{60})*). O

The following theorem shows that even if EDTOL languages do not form a full
abstract family of languages like regular, context-free and ETOL languages, they are
closed under most of the standard operations that are frequently used to manipulate

languages.

Theorem 3.3.2 ([86], Theorem V.1.7 and Exercise IV.3.2; [19], Proposition 3.3).
The class of EDTOL languages is closed under the following operations:

. Finite unions;

. Intersection with regular languages;

1
2
3. Concatenation;
4. Kleene star closure;
5

. Image under free monoid homomorphisms.
The class of ETOL languages is closed under the above operations, together with.:

6 Pre-image under free monoid homomorphisms.

29



Chapter 3: EDTOL languages

Applying any of the operations will not affect the space complexity that systems for
the languages involved can be constructed in, assuming that the reqular language in

(3), and the homomorphisms in (5) and (6) are constructible in constant space.

Proof Let f: Z’ZO — ZZO'

1. Let L and M be languages accepted by the E(D)TOL systems (X1, CL, wr, Rr)

and (Xy, Cuy, wy, Rar), which are constructible in NSPACE(f). Fix a sym-
bol L¢ Cp UCy. Let ¥ = ¥ U X, (this union need not be disjoint) and
C =CLuCyU{L}. Let ¢ and ¢y be tables over C' defined by L ¢ = {wr}
and L ¢y = {wp}, which fix all other letters in C'. Extend the tables in the
alphabets of Ry and Ry, to C* by fixing all letters in C\Cf, and C\C}y, re-
spectively. Let R = (¢ R 1) U (¢mRar). Note R is rational. By construction,
(3, C, L, R) accepts LU M, and so LU M is E(D)TOL.
As we can write down Cp, and Cj; in NSPACE(f), we can also write down
C' = CrLuUCyU{L} in NSPACE(f). The start word is a single letter, and thus
can be constructed in constant space. To show the rational control can be
constructed in NSPACE(f), it is sufficient to show that the tables ¢ and ¢y
can be, as Ry and R, are constructible in NSPACE(f). However, to record
these tables, we need only the information to construct wy and wy;, both of
which are constructible in NSPACE( f).

2. Let A be a finite-state automaton with a single accept state ¢;, accepting a
regular language L over 3. Let @ be the set of states of A, 0 C (Q X X) x @
be the transition function and gy be the start state. Let (X, C, L, R) be
an E(D)TOL system accepting a language M with a single-letter start word,
that is constructible in NSPACE(f). We can assume the start word is a single
letter by Theorem 3.3.1. For each ¢ € C' and each p, ¢ € @, define a distinct
symbol ¢”? ¢ C'. Let k be a symbol not already used, which we will use as a
‘fail symbol’ Let D = {c?? | p, ¢ € Q, c € C} U{k} UX. For each letter ¢ in
the alphabet of the rational control R, define the finite set ®, of tables over
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D to be the set of all 04, ., , defined as follows:
Obpr gy s L= LTS P2 - 0 | dy - dy € e}
forallce C, p, q, p1, ..., pr—1 € Q.

Define a new rational subset R C End(D*) by replacing each occurrence of

each letter ¢ in a rational expression for R with ®,. Let

{a} ((p, a), @) €6

v aP? for all a € 3.

{r} (P, a), @) &6

)

By construction, the E(D)TOL system H = (X%, D, 19%% Ra)) accepts LNM.
It remains to show that H is constructible in NSPACE(f). As we can choose A
such that it is constructible in constant space, doing so allows us to construct
Cina in NSPACE(f). Note that we can construct each ®, using the same
information required to construct ¢, and thus R is constructible in NSPACE(f).
Finally, note that 1) can be written down in constant space. We can conclude
that # is constructible in NSPACE(f).

3. Let L and M be languages accepted by E(D)TOL systems (X1, Cr, wr, Rr)
and (Xys, Cur, wy, Ras) that are constructible in NSPACE(f). Let K = {uwv |
u € L, v € M} be the concatenation. By Theorem 3.3.1, we can assume that
the tables in the alphabets of R and Ry, fix ¥ and X, respectively. Let
Y =Y,UXy, and C = (CL\Z.) U (Cy\Em) U X, Asin (1), extend tables
in the alphabets of R and Rj; to become tables over C by fixing letters in
C\Cy and C\CY, respectively. We can now define a new E(D)TOL system
H= (2, C, wwy, R URy) which accepts K.

For the space complexity, as wy, and wy; can both be written down in NSPACE( f),
it follows that wrwy, can. Similarly, as Cr, Cyy, 3, Ry and Ry, are all con-
structible in NSPACE(f), it follows that the same holds for C' = (CL\X.) U
(Cy\Xy)UY and Ry U Ry

4. Let L be a language accepted by an E(D)TOL system (3, C, w, R) that is
constructible in NSPACE(f). We will use Theorem 3.3.1 to assume tables in
R fix elements of 3. Let L¢ C. Define tables ¢ and 1 over C' U {L} by
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1L ¢ ={w L} and L ¢p = {e}. For each take § € R, define 8 by cf = cf if
ceC,and L 0 ={1}. Let R={0]60 € R}. It follows that the E(D)TOL
system (X, CU{L}, L, (¢R)*®) accepts L*.

Note that we can write down L and v in constant space. Since C' and R are
constructible in NSPACE(f), so are C' U { L} and (¢R)*.

5. Let L be a language accepted by an E(D)TOL system (X, C, w, R) which is
constructible in NSPACE( f), and let ¢: ¥* — A* be a monoid homomorphism,
where A is an alphabet. Let ¢ be the table over C' U A induced by the
action of ¢ on ¥ (and assumed to fix all letters in (C'U A)\X). We have that
(A, CUA, w, R¢) accepts L.

Since ¢ (and hence A) are constructible in constant space, and C' and R are
constructible in NSPACE(f), we have that C'U A and R¢ are constructible in
NSPACE(f).

6. Let L be a language accepted by an ETOL system (X, C, w, R), constructible
in NSPACE(f), and let ¢: A* — 3* be a homomorphism, where A is an
alphabet. Let A = {a | a € A} be a copy of A disjoint from C. Consider the
following language over > U A:

K = {yoaryr---apy | a1, ..., ax €, ar---ap €L, y1, ..., yp € A}

We will define an ETOL system for L that is constructible in NSPACE(f). Our
extended alphabet will be C'U A. Define the table 6 over C'U A by

{ycz |y, ze AU{e}} cex
{c} cé¢ .

co =

For each ¢ € R, let ¥ be the table over C' U A obtained by extending v to
fix elements of A, and let R = {¢ | ¥ € R}. Then (SUA, CUA, w, RO
is an ETOL system for K. Moreover, as 6 is only dependent on A and C', ¢
is constructible in NSPACE(f). Thus R6* is also constructible in NSPACE(f),
and so the ETOL system for K is.

Now consider the regular language S = {(u¢)u | v € A}*. Note that we

can construct a finite-state automaton accepting {(u¢)a | v € A} is constant
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space, as we only need to remember the information required to construct ¢.
Thus a finite-state automaton for S is constructible in constant space. We can
therefore use (2) to show that K NS is accepted by an ETOL system that is
constructible in NSPACE(f).

Consider the monoid homomorphism ¢: (£ U A)* — % defined by

€ a€X

ag = -
b a=beA

Then (K N S)¢ = Lo~'. Moreover, as it is only dependent on 3 and A, &
is constructible in constant space. Thus by (5), an ETOL system for Lo~! is
constructible in NSPACE(f).
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Chapter 4

Equations in virtually abelian

groups

4.1 Introduction

This chapter is based on joint work with Alex Evetts [47], and the author’s paper
[65].

It has long been regarded as ‘folklore’ that it is decidable whether systems of equa-
tions in virtually abelian groups admit solutions, however it is unclear when this was
first proved. In [44] the stronger result that virtually abelian groups have decidable
first order theory is shown. A more direct proof of the solubility of equations in vir-
tually abelian groups can be found in Lemma 5.4 of [26]. In this chapter we study
the properties of solution sets of systems of equations in finitely generated virtually

abelian groups. Such sets are also known as algebraic sets.

Given a choice of finite generating set, and a corresponding normal form, we study
the language of representatives for algebraic sets. These will be called solution
languages (see Definition 4.2.15). In Section 4.3 we show that the solution languages
(with respect to a suitable generating set and normal form) are EDTOL. This will
be a consequence of the stronger result that they are accepted by multivariable

finite-state automata (see Definition 4.2.9):
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Theorem 4.3.16. The solution language to any system of equations with rational
constraints in a virtually abelian group is accepted by a multivariable finite-state

automaton.

Corollary 4.3.17. The solution language to any system of equations with rational

constraints in a virtually abelian group is EDTOL.

We also show that both the multivariable finite-state automata and the EDTOL
systems that accept these solution languages can be constructed in non-deterministic

quadratic space.

It is a standard fact that every regular language has rational growth series. That
is, the generating function which counts the number of words in the language with
increasing length lies in the ring of rational functions Q(z). A result of Chomsky and
Schiitzenberger [15] asserts that the growth series of every unambiguous context-free
language is algebraic over Q(z). In contrast, there is no reason to expect that those
EDTOL languages which do not fall under these two cases have well-behaved growth
series. Indeed, Corollary 8 of [20] implies that there are EDTOL languages with
transcendental (i.e. non-algebraic) growth series. A priori, the language obtained
in Corollary 4.3.17 is neither regular nor context-free. Nevertheless, we prove that

its growth series is rational.

Proposition 4.3.20. The solution language to any system of equations in a virtu-

ally abelian group has rational growth series.

Algebraic sets in groups can be seen as an analogue of the fundamental notion of
algebraic varieties — the zero-loci of systems of equations. Meuser [73], and later
Denef [29], proved the rationality of the Poincaré series of varieties over the p-adic
integers, which can be thought of as a form of growth series. In Section 4.4 we prove
an analogous result for algebraic sets of virtually abelian groups, using a notion of
growth appropriate to the setting of finitely generated groups, namely word growth.
We will use the notion of a polyhedral set, which has its roots in the model theory

of Presburger (see Section 4.2 for definitions).
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Word growth in finitely generated groups is a much-studied topic. The growth func-
tion counts the number of group elements of length n, with respect to the metric
arising from a choice of finite generating set. The asymptotics of this function are
well understood, but many questions remain about the properties of the correspond-
ing formal power series. For an introduction to the topic, the reader is directed to

Mann’s book [70].

Any subset of a group has a growth function, inherited from the group itself. This
relative growth has been studied in many papers, including [28]. The relative growth
series of any subgroup of a virtually abelian group was shown to be rational in [45].
In Section 4.4 we consider the relative growth of the algebraic sets of a virtually
abelian group, as sets of tuples of group elements (with an appropriate metric).
We show that the growth series of an algebraic set is always a rational function,

regardless of the choice of finite weighted generating set.

Theorem 4.4.3. Let G be a virtually abelian group. Then every algebraic set of G

has rational weighted growth series with respect to any finite generating set.

Moreover, we consider the natural multivariate growth series of the algebraic set,
and demonstrate how recent results of Bishop imply that this series is holonomic (a

class which includes algebraic functions and some transcendental functions).

Corollary 4.4.21. FEvery algebraic set of a virtually abelian group has holonomic

weighted multivariate growth series.

We note that it may be useful for other purposes to have an explicit description
of the algebraic sets of the groups in question, since this does not appear cleanly
in the proofs. For such a statement, the interested reader is directed to Corollary
4.4.16, where the general structure of algebraic sets is noted, using the terminology

of polyhedral sets.
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4.2 Preliminaries

In this section we lay out the key definitions and basic results that will be required

for the rest of the chapter.

Notation 4.2.1. If w € 5% is a word in the generators of some group G, we write

w € G for the group element that the word w represents.

4.2.1 Polyhedral sets

Our fundamental tool for proving that languages of representatives have rational
growth series in Proposition 4.3.20 and Section 4.4 will be the theory of polyhedral
sets. These ideas appear in model theory as early as Presburger [78]. Results
regarding rationality can be found in [29], and the ideas also appear in the theory
of Igusa local zeta functions (see [24]). The following definitions and results follow
Benson’s work [8], where it is proved that virtually abelian groups have rational
(standard) growth series. More recently, polyhedral sets have again been used to

prove rationality of various growth series of groups ([35], [45]).

Definition 4.2.2. Let r € Z~q, and let - denote the Euclidean scalar product. Then

we define the following.

1. Any subset of Z" of the foom {z € Z" |u-z=a},{z € Z" | u-z > a}, or
{z€Z |u-z=a modb}, foranyu e Z", a € Z, b € Z~g, will be called an
elementary set;

2. any finite intersection of elementary sets will be called a basic polyhedral set;

3. any finite union of basic polyhedral sets will be called a polyhedral set.

If P C Z" is polyhedral and additionally no element contains negative coordinate

entries, we call P a positive polyhedral set.

It is not hard to prove the following closure properties.

Proposition 4.2.3 (Proposition 13.1 and Remark 13.2 of [8]). Let P, Q CZ" and

R C Z7 be polyhedral sets for some positive integers v and s. Then the following are
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also polyhedral: PUQ CZ", PNQCZ", Z"\P, P x R CZ"**.

Benson also shows that polyhedral sets behave well under affine transformations, as

follows.

Definition 4.2.4. We call a map A: Z" — Z° an integral affine transformation if
there exists an r x s matrix M with integer entries and some q € 7Z° such that

pA=pM+qforpeZ .

Proposition 4.2.5 (Propositions 13.7 and 13.8 of [8]). Let A be an integral affine
transformation. If P C Z" is a polyhedral set then PA C Z° is a polyhedral set. If
Q C Z* is a polyhedral set then the preimage QA™' C Z" is a polyhedral set.

We note that projection onto any subset of the coordinates of Z" is an integral affine
transformation.

Notation 4.2.6. We will now introduce weight functions. When talking about
weighted lengths of elements of free abelian or virtually abelian groups, we will use

|| - || instead of | - |, which will be used for ‘standard’ length of elements.

Let P C Z" be a polyhedral set. Given some choice of weight function ||e;|| € Z~q
for the standard basis vectors {e;}/_; of Z", we assign the weight Y ._, a;||e;|| to the

element (ay, ..., a,) € P. Define the spherical growth function

op(n) = #{p € P | [Ipl = n},

and the resulting weighted growth series
Sp(z) =Y _op(n)z".
n=0

Our argument will rely on the following crucial proposition.

Proposition 4.2.7 (Proposition 14.1 of [8], and Lemma 7.5 of [29]). If P is a

positive polyhedral set, then the weighted growth series Sp(z) is a rational function

of z.
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We will need the following more general result.

Corollary 4.2.8. Let P C Z" be any polyhedral set (not necessarily positive). Then

the weighted growth series Sp(z) is a rational function of z.

Proof We show that P may be expressed as a disjoint union of polyhedral sets, each
in weight-preserving bijection with a positive polyhedral set. Let Q; = {z € Z" |
z-¢,>0,1<i<r}=(_{z€Z |z-e >0} denote the non-negative orthant of
7", and note that it is polyhedral. Let Q,, ..., Qs denote the remaining orthants
(in any order) obtained from Q; by (compositions of) reflections along hyperplanes
perpendicular to the axes and passing through the origin. By Proposition 4.2.5 these
are also polyhedral sets. Let P; = P N Q; and for each 2 < 5 < 27, inductively
define

P; = (P\UPk> no,.

k<j

Each P; is a polyhedral set by Proposition 4.2.3, and we have a disjoint union
P = Uj;l P;. Each P; is in weight-preserving bijection with a positive polyhedral
set (by compositions of reflections along hyperplanes) and so Sp, () is rational. The

result follows since Sp(z) = 23;1 Sp,(2). O

4.2.2 Multivariable finite-state automata

Since solutions to equations can be thought of as tuples, one method that can be
used to study the language complexity of sets of solutions is using multivariable
languages, which are sets of tuples of words over an alphabet. We start with the

formal definition.

Definition 4.2.9. Let X be an alphabet, and n € Z+y. An n-variable word over X
is an element of the Cartesian product (£*)", and an n-variable language over ¥ is

any subset of (3*)".

We continue with a generalisation of a finite-state automaton to accept n-variable
languages, for some positive integer n: the (asynchronous, non-deterministic) n-

variable finite-state automaton.
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Definition 4.2.10. Let n € Z-y. An n-variable finite-state automaton is a tuple

A= (3, T, q, F), where

1. X is an alphabet;

2. T is a finite edge-labelled graph, where labels are n-variable words in (3*)",
with at most one non-empty word entry. The vertices of I' are called states;

3. qo € V(I') is called the start state;

4. F C V(') is called the set of accept states.

When tracing a path in I', we trace an n-variable word to be the concatenation
of the labels of each edge traversed. Since each edge has at most one non-empty
entry, the word will only get longer in one coordinate at a time. An n-variable word
w € (X*)" is accepted by A if there is a path v in T' from ¢o to a state in F, such
that the n-variable word obtained by reading the labels in v is w. The language
accepted by A is the set of all n-variable words accepted by A.

Remark 4.2.11. Languages accepted by n-variable finite-state automata can equiv-
alently be defined as rational subsets of (¥*)": the direct product of the free monoid

with itself n times.

We give an example of a language accepted by a 3-variable finite-state automaton.

In this case, the language represents the set of solutions to a system of equations in

Z.

Example 4.2.12. Let £ be the following system of equations in Z (using additive

notation):

X-Y+7Z=1 -Y +7Z=0.

Note that by subtracting the second equation from the first, it is not difficult to show
that the set of solutions to this system is {(1, v, y) | y € Z}. To demonstrate a more
general method we will use later on, we will construct the set of solutions, and show
that L = {(a”, a¥, a*) | (z, y, z) is a solution to £} is accepted by a 3-variable
finite-state automaton over the alphabet {a, a~'}, using a different method. We

will show
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Figure 4.1: The start state is g(o, 0), and q(1, o) is the unique accept state.

1. The language {(a”, a¥, a*) | (z, y, z) is a solution to £ and z, y, z > 0} is
accepted by a 3-variable finite-state automaton;

2. To show L is accepted by a 3-variable finite-state automaton, we take the
finite union across the possible configurations of signs of X, Y and Z and
use the fact that finite unions of languages accepted by 3-variable finite-state

automata are also accepted by 3-variable finite-state automata.

To show (1), consider the 3-variable finite-state automaton in Figure 1. This finite-

state automaton works as follows:

1. Traversing an edge labelled by (a, €, €), (¢, a, €) or (e, €, a) corresponds
to increasing x, y or z by 1, respectively. The states q(;, ;) correspond to the
value of (r —y + z, —y + 2), with the current values of x, y and z.

2. Once we have increased z, y and z to the desired values, if this is a solution
to &, then we must be in the accept state q(i, o).

3. Note that we cannot increase the xs, ys and zs in any order, otherwise we
would need an unbounded size of FSA. For example, the element (a, a!, a') of

L, where | € Z and [ > 1 cannot be reached in the above system by traversing
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one (a, €, ¢) edge, then [ (g, a, ¢) edges, and then [ (g, €, a) edges, as after
the [ (e, a, ¢) edges we would need a state q(_;;1, —1), which does not lie in
the finite-state automaton. Moreover, we cannot add them to the finite-state
automaton, as there are infinitely many such states. We prove the existence
of an ordering of the edges (up to considering two edges with the same label
equivalent) that works in Lemma 4.3.2. In this specific case, it is not hard to
show that the ordering that starts with (a, €, ¢), followed by [ traversals of a
path comprising one (¢, a, ¢) edge and one (g, ¢, a) edge, for all [ > 0, and
a similar ‘reversed’ order would work if [ < 0.

4. Note that not all states may be necessary, but it is simpler to construct them

all.

We now show that the class of languages accepted by multivariable finite state
automata is closed under intersecting in one coordinate with a regular language.
The proof is analogous to the proof that the intersection of two regular languages is

regular.

Lemma 4.2.13. Letn € Z~y and X be an alphabet. Let L be a language accepted by
an n-variable finite-state automaton that is constructible in NSPACE(f), for some
function f: Zso — Z>o, and let M be a regular language (that is constructible in

constant space). Fixzi € {1, ..., n}. Then

is accepted by an n-variable finite-state automaton that is constructible in NSPACE(f).

Proof Let M = (3, A, py, E) be a finite-state automaton accepting M that is
constructible in constant space, and A = (X, I', qo, F') be a multivariable finite-
state automaton accepting L that is constructible in NSPACE(f). Let A x I' denote

the edge-labelled graph obtained as follows:

1. The vertex set is V(A) x V(I');
2. Edges are labelled using n-variable words over X;

3. There is an edge from (x, y1) to (z2, y2) if and only if there is an edge in A
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from x; to xo, labelled a and an edge in I" from y; to ys, labelled with b, such

that the 7th coordinate of b is a.

Consider the n-variable finite-state automaton B = (X, A x I, (po, @), £ X F'). By
viewing the path in the second coordinate of the graph A x I'; we can conclude that
every word accepted by B is accepted by A. By looking at the first coordinate, we
have that the ith coordinate of every word accepted by B is a word accepted by M.
Conversely, any such word must always be accepted by B, as it traces these paths

in I" and A.

It remains to show that B is constructible in NSPACE(f). Writing down V(I') can
be done in NSPACE(f). Since M is constructible in constant space, we have that
V(A) x V(I') can be constructed in NSPACE(f). Writing each of edges in I" can be
done in NSPACE(f). We can thus follow this algorithm, but each time we attempt
to write an edge, we check it against every edge in A, which we have stored. As A
is constructible in constant space, this can also be done in NSPACE(f). The vertex
(po, qo) can just be written down, and constructing E x F' can also be done in

NSPACE(f), as E is constructible in constant space. O

We will later need the following lemma that allows us to take finite unions of lan-
guages that are accepted by multivariable finite-state automata without changing

the space complexity.

Lemma 4.2.14. Let f: Z>o — Z>o be a function. A finite union of languages ac-
cepted by multivariable finite-state automata that are all constructible in NSPACE( f)
1S also accepted by a multivariable finite-state automaton that is constructible in

NSPACE(f).

Proof The automaton M we use is the automaton obtained by taking the union
of all of the automata of the languages in the union, and collapsing the start states
to a single state, which will be the start state. All accept states will remain accept
states. We can construct M by constructing each of the automata in the union one

at a time, which can be done in NSPACE(f). O
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4.2.3 Multivariable solution languages

We now define an alternative language of solutions to study. We have so far con-
sidered the language of words that comprise the solutions concatenated with one
another, delimited by an additional letter #. We now look at the language of n-

variable words representing solutions.

Definition 4.2.15. Let G be a finitely generated group, with a finite monoid gener-
ating set 2, and a normal form n: G — ¥*. Let £ be a system of (twisted) equations
in G, and let n be the number of variables in €. Let V = {X;, ..., X,} be the
set of variables, and let S be the set of solutions, which are homomorphisms from

Fyv +G to G.

The multivariable solution language to € with respect to X and 7, is defined to be

{(Xaym, Xohn, .., Xohm) [ €S} CE X 8" x -0 x X7

We now show that a multivariable solution language being accepted by an n-variable

finite-state automaton is sufficient for the corresponding solution language to be

EDTOL.

Lemma 4.2.16. Let L be an n-variable language over an alphabet ¥ (where n €
Z~o), that is accepted by an n-variable finite-state automaton, constructible in NSPACE(f),

for some f: Zsy — Z>o. Then

1. The language M = {w# - - - #w, | (w1, ..., w,) € L} is an EDTOL language
over X U {#};
2. An EDTOL system for M can be constructed in NSPACE(f).

Proof We will construct an EDTOL system H for M as follows. The terminal
alphabet will be XU {#}, the extended alphabet will be C'= X U{#, Ly, ..., 1,},
and the start word will be L{ #---# L,,.

Let A= (X, I, g, F) be an n-variable finite-state automaton that accepts L. We
will use A to define the rational control of H. Let W be the set of all n-variable
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words that appear as edge labels within I". For each w = (wy, ..., w,) € W, define
ow € End(C*) by

Lipw =wy L4

Ln ow =wy Ly .

Also define ¢ € End(C*)
J—’i ¢ =g,

for all i € {1, ..., n}. Our rational control R will be a regular language over the
set {¢ow | w € W}. Let I be the edge-labelled graph obtained from I'; by replacing
the label w on each edge with ¢y,.

Consider the (1-variable) finite-state automaton B = (X, IV, qo, F'). Let K be the
language accepted by B. We have that K is precisely the set of all endomorphisms 6
of C* that can be written as products of endomorphisms ¢y, for w € W, such that
(Ly #---# 1,)0 =uy Ly #---#u, L, for some (uy, ..., u,) € L. Therefore,
the regular language K1 is the set of all endomorphisms that map 1, #---# 1,
to an element of M, and so taking R = K1 gives the desired EDTOL system.

For (2), since a multivariable finite-state automaton contains an alphabet ¥, this
can be obtained and output in NSPACE(f), and thus the alphabet for the EDTOL
language, ¥ U {#}, and the extended alphabet C' = S U{#, L1, ..., L1,} can also
be constructed and written to the output tape in NSPACE(f). The start word will

always be 1| #---# 1, regardless of the input, and we can just output this.

It remains to construct the rational control. As in the construction of H, we use the
same set of vertices and edges, but whenever the rational control in H labels an edge
using ¢y, we instead label it using w, and note that ¢, can be effectively computed
from w. To record ¢y, we only need to know where each 1; maps (as they always

fix everything else), and that is precisely the information that w contains. O
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4.3 Solution languages in virtually abelian groups

The purpose of this section is to prove that the multivariable solution languages
to systems of equations in virtually abelian groups are accepted by multivariable
finite-state automata, and so solution languages are EDTOL, all with respect to a
natural generating set and normal form. We do this by first showing that the mul-
tivariable solution languages for systems of twisted equations in free abelian groups
are recognised by finite-state automata, and then prove that equations in virtually
abelian groups reduce to twisted equations in free abelian groups. Throughout this
section, when referring to free abelian groups, we will use additive notation. This
means that equations in free abelian groups will be expressed as sums rather than
‘products’. When representing solution languages, we will express them using mul-
tiplicative notation, as this is more natural with languages, using aq, ..., ax to be

the standard generators of ZF.

The next lemmas are used to prove that systems of equations, and therefore twisted
equations, in free abelian groups have multivariable solution languages accepted
by n-variable finite-state automata, where n is the number of variables. The fact
that free abelian groups have EDTOL solution languages is already known; Diekert,
Jez and Kufleitner [32] show that right-angled Artin groups have EDTOL solution
languages, and Diekert [30] has a more direct method for systems of equations
in Z, which can easily be generalised to all free abelian groups. For the sake of

completeness, we give our own argument here.

We begin with the following technical definition.

Definition 4.3.1. Let B = [b;;] be an n x m integer matrix. Then define a function

) |

In other words, |y|p is the maximal absolute value of the coordinates of the vector

yB.

|- |5: R* = R via

5 g ey

’(yla"'ayn)’B = max(

Z Yibi
i=1

Z Yibio
i=1

Z Yibim
i=1
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Note that if y € Z™ then |y|p € Z, and that |- | g satisfies the triangle inequality.

We now show that we can construct any solution to a system of equations while

controlling the value of | - | at each intermediate point.

Lemma 4.3.2. Let B be an n X m integer matriz, X be a vector of n variables,
c € Z™, and consider the system of n equations over Z given by XB = c. Write

bmax - maXi,j ’bljl and let K = maX(‘Cﬂ, Cee ’CmD + n3/2 . bmax~

Then, for each x € Z" such that xB = c, there is a sequence

{0=x9 xW  x®=x}cz"
with each x9) = xU=1D 4 e; for some positive or negative standard basis vector e;,

such that |x9)|p < K for each j € {1, ..., k}.

Proof First, consider the straight line segment L C R"™ from 0 to x. Since B
defines a linear transformation R™ — R™, the function | - |g: R® — R is monotone
non-decreasing as we move along L from 0 to x. Therefore, for each y € L, we
have |y|p < |x|p = max(|ci|, ..., |em|). To obtain the required sequence, we
approximate L with a piecewise linear path comprised of (positive and negative)

standard basis vectors.

Consider the set of unit n-cubes with integer-valued corners, which intersect L.
From among the corners of these cubes, we can find a sequence {x9} C Z" of
integer-valued points, where subsequent terms share a cube edge (and so each x\9) =
xU=Y + e; for some e;), such that x(¥ = 0 and x*) = x, for some k. We will show

that each point in this sequence satisfies the required bound.

Since the diameter of a unit n-cube is /n, each point x9) is a Euclidean distance
of at most /n from the line L. In other words, for each j we have x\) = y 4 d for
somey € Landd = (dy,...,d,) € R" with |d;| < /n. Then note that for any such
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d we have

T )

idibﬂ
i=1
< max (Z|di||bi1|, Z|di\|bim|>

i=1 i=1

g eeey

=1

< max (Z \/ﬁ ’ bmaxa sy Z \/ﬁ ’ bmax) = (n\/ﬁ)bmaw
=1 =1

We can then bound each element of the sequence as follows:
x5 = |y +dls < lyls +1d]s < max(er], ... lenl) + (13/7)bas = K.

Thus the sequence {x/)} satisfies the requirements of the Lemma. U

We now show that a system of twisted equations in Z* can be reduced to a system

of (non-twisted) equations in Z.

Lemma 4.3.3. Let 8¢ be the solution set of a finite system & of twisted equations
in ZF in n variables. Then there is a finite system of equations F in Z with kn

variables and solution set Sy such that
Se={((x1, -, ), (@rg1, -5 Tor)s oy (Th—1)ns -5 Thn)) | (T1, -, Tpn) € SF}
Proof Consider a twisted equation in Z*

co+Y,P14+c---+Y;, P, +c¢c, =0, (4.1)

where Y4, ..., Y, are variables, ¢y, ..., ¢, € Z" are constants, and ¢, ..., ®, €
GLk(Z). Set ¢ = ¢y + -+ + ¢,. By grouping the occurrences of each Y;, we have
that (4.1) is equivalent to the following identity

YlBl + - Yan +c= O7 (42)

where By = [by;j], ..., By = [bnij| are k x k integer-valued matrices, although not
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necessarily in GLg(Z). We will first show that the solution set of (4.2) is equal to

the solution set of a system of k equations in Z. Write Y; = (Y1, ..., Yi) and
¢ = (c1, ..., ¢,) for variables Y;; over Z and constants ¢; € Z, for each i. Then
Y,B; = (Z?Zl binYij, -, Z?Zl bijkY;j>, for each i. It follows that the solution set

of (4.2) is equal to the solution set of the following system of equations in Z:

n k
Zzbijlnj +¢=0

i=1 j=1

n k

Z Z bijkYij +c; = 0.

i=1 j=1
We can conclude that the lemma holds for single twisted equations in Z*. It follows
that the solution set to a system of m twisted equations in Z* will be constructible
as stated in the lemma, from the solution set to a system of m of the above systems;

that is a system of km equations in Z. 0

Before we can prove Lemma 4.3.5, we need a slightly altered version of modular

arithmetic, where we replace 0 with the quotient.

Notation 4.3.4. For each n, r € Z>, with r > 0, define

T nmodr nmodr #0
nmod™ r =

r nmodr = 0.

We are now in a position to prove that multivariable solution languages to twisted
equations in free abelian groups are accepted by multivariable finite state automata.
We do this by expressing our equation as an identity of matrices, where the coeffi-
cients of the matrix determine the equation. This allows us to use the bound from

Lemma 4.3.2 to construct our automaton.

Lemma 4.3.5. The multivariable solution language to a system of twisted equations
in a free abelian group, with respect to the standard generating set and normal form,

is accepted by a multivariable finite-state automaton.
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Proof Let & be a system of m twisted equations in Z* in n variables. Let {ay, ..., ai}
denote the standard generating set for Z*. By Lemma 4.3.3, there is a system of km

equations F in Z with kn variables, such that the solution language to £ is equal to

t t ¢ tho(n— t . .
Se = {(a’il...akk, altteal? o a) 1>+1..-akk"> ‘(tl, ..., trn) is a solution to ]:}.

We represent this new system F via the identity XB = ¢ where

e X =(Xy, ..., Xg) is a row vector of kn variables,
e B = [b;] is a kn x km matrix of coefficients, and

e c € ZF™ is a row vector of constants.
The constant of Lemma 4.3.2 is then K = max(|ci|, ..., |crm|) + (n)*?bmax.

We can now show that the multivariable solution language is accepted by a kn-
variable finite-state automaton, using the method described in Example 4.2.12. We

define our automaton A to have the set of states
{qx | X = (.Tl, o 73:.1{371) € an7 |'r’L| S K}y

Our start state will be gg, and g. will be our only accept state. Let w; be the
kn-variable word with a; .4+ in the ith position, and ¢ elsewhere. We have an
edge from ¢x to gy labelled with w; for all j such that x + (bj1, ..., bjkn) = ¥.
By construction, the language accepted by A is contained within Sg. On the other
hand, any word in Sg is accepted by A, by following an appropriate sequence as

given by Lemma 4.3.2. U

We now consider the space complexity that is needed to construct the multivariable

finite-state automaton defined in the proof of Lemma 4.3.5.

Recall the virtually abelian length of a system of equations (see Definition 2.6.10).
We will be using this as the length of our input.

Lemma 4.3.6. The multivariable finite-state automaton defined in Lemma 4.3.5

can be constructed in non-deterministic quadratic space, with the input taken as the
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virtually abelian length of the system.

Proof Let k be the rank of the free abelian group, £ be the system of equations,
n be the number of variables, and m be the number of equations. We start by
converting & into the form XB = c (all we need to store is B and c). Let I € Z>q
be the length of the input.

Index the equations wy, ..., w,,. We copy each equation in £ into the work tape,
so our work tape will now have the same size as our input. We have assumed our
equations are already in the form stated in Definition 2.6.10, and converting them

to additive notation means they will be in the form

Y,B, +--Y,B, =d,

where each B; is a k x k matrix, each Y, is a variable, and d € ZF. We will
now construct the matrix B and the vector c. We write Y; = (Y1, ..., Yi), and

By = [by;j], ..., By, = [bns;|. For each equation

YlBl + - Yan - d,

add the following vectors as columns to B, and store them in the work tape:

(b1117 R bnk1>7 --~(b11k7 ] bnkk)

The matrix B will at this point be a kn x km matrix. For each equation, we also

append the entries of d to the vector c.

We now construct the states. Since our set of states is the set of all g, such that
x € ZF" with each coordinate having absolute value at most K, where K is from
Lemma 4.3.2, we can construct the set of states by remembering the last state
constructed, together with the bound K, and proceeding in any ‘sensible’ systematic
manner, such as starting in one ‘corner’, and running down each line in the ‘cube’.
To do this, we need a memory that can store a vector of length kn at any time, with

entries within [—K, K].
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As in the proof of Lemma 4.3.5, K = max(|c1|, ..., [cem|) + (kn)>/? - bpax, where
bmax = max; ; |b;|. Recall I =37, log|c;|+3_; ;log |bij|+Ckn, where C'is a constant,

as mentioned in Definition 2.6.10. Then
3 3
log I < log |e1| + -+ + log |epm| + 5 log(kn) + 10g |bmax| < 51

So storing an integer within [—K, K] requires 31 bits, ignoring constants. Since
kn < I, storing a vector of length kn with entries in [—K, K| requires at most %IQ

bits.
We can simply assign 0 and c as the start and accept states.

We now need to compute the edges. Recall that we have an edge from gx to ¢y
labelled with w; for all j such that x + (bj1, ..., bjan)) =y, where w; is the kn-
variable word with a; .4+ in the ith position and € elsewhere. Therefore, we can
go through the states systematically and add all of the outgoing edges, and we only
need to remember the state we are on in order to compute and output its outgoing
edges and their labels. To do this, we only need to record a vector of length kn, the
entries of which will lie in [—K, K]. As discussed before, this requires at most 272

bits to store. O

In the next lemma, we show that the solution set to a system of equations in an
arbitrary group can be expressed in terms of the solution set to a system of twisted

equations in a finite-index subgroup.

Lemma 4.3.7. Let G be a group, and T be a finite transversal of a normal subgroup
H of finite index. Let Q) be the group of automorphisms of H induced by conjugating
H by elements of G. Let S be the solution set to a finite system Eg of equations with
rational constraints in n variables in G. Then there is a finite set B CT", and for
each t = (t1, ..., t,) € B, there is a solution set Ay to a system Epy of Q-twisted

equations with rational constraints in H, such that

S=|J At o hatn) | (h, oo ha) € Apy i)
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Proof Let

X gy Xigpy = 1 (4.3)
be a system &g of equations in G, with aset {Rx,, ..., Rx, } of rational constraints,
where Xy, ..., X, are the variables, and j € {1, ..., k}. Let S be the solution set.

Note that we can assume that these equations start with variables by conjugating
leading constants to the right. For each X;, define new variables Y; over H, and
Z; over T, such that X; = Y;Z;. For each constant g;, we have g; = h;t;, for some
h; € H and t; € T, and so substituting these into (4.3) gives that &g is equivalent
to

(i,

15

)eilj hljtlj s (Y; .

pj g

)Eipj ]’ijtpj =1. (44)

For all g € G, define ¢,: G — G by hip, = ghg™'. Note that ¢, [g€ Q for all
g € G, by definition. By abusing notation, we can define vy, for each i. For all
ie{l, ..., n}and j € {1, ..., k} define

O Eijzl
1 El]:—l

5ij —

We can use this notation to rearrange (4.4) into

€15 ;014 €15 €pj ,1,0p; j
(Vi V25 sty - (Yo g )20 ity = 1. (4:5)
Forl € {1, ..., p}, define
v, 00 €a-1); 1
M/Z - (ifil]' ) Zilj wt(l—l)]’ Zi(l—l)j T wtlj Zilj’

fr= () ;flj¢t(l,1>j oty Ezlij;j-
By pushing all Y;s and h;s to the left within (4.5), we obtain

Wlfl"'Wpprg?hj“'Zigtpj =1L (4.6)

115

53



Chapter 4: Equations in virtually abelian groups

As H is a finite index subgroup of GG, Ht is a recognisable subset of G, for all t € T'.
For each coset Ht of H, and each variable X; let R; = Rx, N (Ht). Note that
each set Ry is rational, since each Ry is the intersection of a rational set with a

recognisable set.

By Lemma 2.5.4, we have that for each t € T, R;; = Syt, for some rational subset
Sy of H. For every (uy, ..., u,) € T™ that forms a solution to the Z;s within a
solution to (4.6), we have uj/t,---u;"t, € H. Let A C T" be the set of all such
n-tuples. If we plug a fixed choice of some (uy, ..., u,) € T™ into (4.6), we obtain

the following system of 2-twisted equations in H:
Wifi--- Wpfpu;ljtlj .. 'U:':jtpj =1,

where

o €14 ‘Sl' 6(1_1)' .
Wi = (Y;ij)wuijl'wt(l—l)j ui(lflj)j '”wtlj ur

j Wiyy?
is W, with each Z; being replaced by u;. We can now apply the rational constraint

Sy to the variable Y;, and we have a system of equations £y (y,,....u,) With rational

.....

constraints in H. Let B, .. u,) be the solution set to £x (u,,....u,). It follows that

S = U {(flula R fnun> ’ (fh R fn) € B(u1, e un)}

(u1y ..., up)€A

O

Remark 4.3.8. Let GG be a finite index overgroup of a group H. We will define a

normal form for G, induced by an existing normal form on H. Let

e >y be a finite generating set for H;
e ny be a normal form for H, with respect to Xp;

e T be a (finite) right transversal for H in G.

We will use ¥ = ¥y U T as our generating set for G. Each g € G can be written
uniquely in the form g = hyt, for some h, € H and ¢, € T. Define n: G — (¥%)*
by

gn = (hgnm)tg.
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Note that if ny is regular, then 7 is regular, as the concatenation of imny with a

finite language.

As the following lemma shows, this construction also preserves the property of being

quasi-geodesic.

The following proposition reflects a well-known fact about decidability of systems
of equations in groups: if a group G has a finite index normal subgroup H, such
that there is an algorithm that determines if any system of twisted equations in
H admits a solution, then there is an algorithm that determines if any system of
(untwisted) equations G admits a solution. This fact turns out to be true regarding

EDTOL solutions, and a variant of it is used in [31].

Proposition 4.3.9. Let G be a group with a finite index normal subgroup H, such
that the multivariable solution language to systems of Q)-twisted equations in H with
rational constraints are accepted by an n-variable finite-state automaton, for some

n € Z~g, with respect to a generating set X2, and normal form 1.

Then the multivariable solution language to any system of equations in G is accepted
by an n-variable finite-state automaton, for some n € Z~q, with respect to the gen-
erating set X U T, for any right transversal T' of H, and the normal form (, where
gC = (hn)t, where h € H and t € T are (unique) such that g = ht.

Proof We have from Lemma 4.3.7, that the solution language is a finite union

across valid choices of transversal vectors (t1, ..., t,) of

{((ham)tr, — oy (ham)tn) | (B, ooy ) € Ay, s (4.7)

where Ag,, .. ¢+, is the solution set to a system of twisted equations in H. Since
the class of languages accepted by n-variable finite-state automata is closed under
finite unions, it suffices to show that (4.7) is accepted by an n-variable finite-state

automaton.
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By our assumptions on H, the language

{(han, ooy ham) | (P, o, ha) € Ay, )}

is accepted by an n-variable finite-state automaton M, for any valid choice of

transversal vector (ty, ..., t,). We can therefore modify this automaton to ac-
cept

{(hatr, -y Baty) | (Ra, ooy he) € Ay, 60}
We do this by adding a new state ¢, and with an edge labelled (¢1, ..., t,) from

every accept state of M, and making ¢ the only accept state. By construction, this

accepts the stated language. O

Lemma 4.3.10. Let G, H, n and X be defined as in Proposition 4.3.9, and suppose
the multivariable finite-state automaton that accepts a system of twisted equations
in H, in the statement of Proposition 4.3.9, is constructible in NSPACE(f), where

f1Zso — Z>p 1s a function. Then the automaton that accepts a system of equations

in G is also constructible in NSPACE(f).

Proof By Lemma 4.2.14, it suffices to show that each automaton that accepts a
language

{(hlth ey hntn) | (hl, ey hn) E A(tl, ey tn)}?

where Ay, . ) is as defined in the proof of Proposition 4.3.9. Recall that this is
constructed from the automaton M that accepts a system of twisted equations in H
by adding one additional state ¢, and edges from each accept state to ¢, all labelled
(t1, ..., t,), and then by making ¢ the only accept state. We do this by modifying
the algorithm that constructs M to add the state ¢ at the beginning, then perform
the algorithm that constructs M, except whenever we would label a state p as an
accept state, we instead add an edge from p to g, labelled by (¢1, ..., t,). This

does not use a longer work tape than the algorithm that constructs M. O

Lemma 4.3.11. Let G, H, X, Xy, T, n and ng be defined as in Remark 4.3.8.

Then ny is quasi-geodesic if and only if n is quasi-geodesic.
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Proof (=): Suppose ny is quasi-geodesic. Then there exists A > 0, such that
‘h??H| < )\’h’(H,EH) +Aforall h € H.

For each t € T and a € X%, ta = vy, for some v, € imn. For allt, ¢’ € T, we
have tt’ = p; 4, for some p;y € imn. For each t! € T~!, we have that t ! =g z;-1,

where 7,1 € (X5 UT)*. Let

po=,max |z + max|py| + max |y,
teT

Let w € (¥%)* be a geodesic. We will convert w € (X%)* into a word u, such that

u =g w and u € imn, and we will show that |u| < p?Aw| + p?\.

We first replace each occurrence of t~1 € T—! with the word ;-1 within w. Since
|z,1| < pfor all 71 € T, doing this will result in a new word w; € (Eﬁ UT)*, such

that w; =g w, and |w;| < plw.

We now modify w; into a word ws such that w; =g ws, and wy contains no subword
of the form ta or tt', where ¢, t' € T and a € Eﬁ. For each subword ta of w, we can
replace ta with v, ,, and for every occurrence of tt', we can replace this with p; .
Each time we do this, we increase the length of the word by at most u. Repeating

this process until no subwords of the form ta remain, will yield ws.

To ensure we don’t need to do too many of these replacements to satisfy linear bound
of the length of wsy in terms of wy, we will always apply the leftmost substitution
possible. As every replacement involves a letter t € T' at the beginning of a two-letter
word, and results in a word with exactly one two-letter in 7" at the end, one ‘sweep’
along w; will be sufficient to reach a word where no substitutions are possible. It
follows that we can make at most |w;| replacements, and since each substitution

increases the length by at most u, we have that |ws| < p|w].

We have that wy = vt, for some v € (EE)*, and some t € T'. To convert ws into u,
it remains to replace v with an equivalent word ¢ € imng. As ng is quasi-geodesic

with the constant A, |¢| < Av| + A. If we take u = ¢t, then u is equivalent in G to
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w, and u € imn. Note also that |u| < Mws|+ A. Therefore
lu| = Mws| + A < p|wy| + pA < @ Xw| + @\

It follows that ny is quasi-geodesic, with respect to the constant Au?.

(«<=): Suppose 7 is quasi-geodesic, with respect to a constant A > 0. Let w € (X5)*
be a geodesic, u € imny be such that u =g w, and v € (X%)* be a geodesic in
G, such that v =g w. Note that u € imn. As n is quasi-geodesic, |u| < AJv| + A.
Moreover, since |w| and |v| are both geodesic words representing elements that lie
in H, but v is over the generating set ¥ that contains the generating set ¥y for

w, [v| < |w|. Thus |u] < Mw|+ A, as required. O

We now have enough to prove our first main result. Our generating set is the union
of the standard generating set ¥ of the finite index free abelian subgroup together

with a right transversal 7. We use the quasi-geodesic normal form
{at |a € X, t € T}.
Definition 4.3.12. Let k € Z-,. A subset of Z* that can be written in the form
{ctmi+ - +cmn.+d|ny, ..., ng € Zso},

where ¢;, d € ZF for all 4, is called linear. A finite union of linear sets is called

semilinear.

Showing that semilinear sets are rational is immediate from the definition. The
converse is also true, thus giving a full classification of rational sets in free abelian

groups.

Lemma 4.3.13 ([43]). A subset of a free abelian group is rational if and only if it

1s semilinear.

Since semilinear sets are defined in terms of equations and inequalities, we can

use this to describe sets of solutions to systems of twisted equations with rational
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constraints in free abelian groups.

Lemma 4.3.14. Let Sg be the solution set of a finite system £ of twisted equations
in ZF in n variables with rational constraints. Then there is a finite disjunction F of
finite systems of arbitrary equations, and inequalities of the form X > 0, for some

variable X, in Z with kn variables and solution set Sz such that

Se={((x1, ..., @), ..o, (@@—1nt1, -5 Ten)) | (@1, -, Thn, Y15 -, Yr) € S}

Proof Converting the twisted system into a system over Z can be done by replacing
cach variable X over Z* with k variables X, ..., X} over Z, and considering the
system that results from looking at each coordinate individually, as we did in the
proof of Lemma 4.3.7. Now consider the membership problem of a variable X into
a linear set R = {ciny +---+cn.+d | ny, ..., n, € Z>o} (we will then generalise

to semilinear).

Write ¢; = (¢i1, ..., cix) and d = (dy, ..., di). Consider the following system of

equations and inequalities over Z.

Y;ZO’ Xj:clel—i—~~~cer;+dj

foralli e {1, ..., r},and 7 € {1, ..., k}, where Y7, ..., Y, are new variables over
Z. We have that (x1, ..., ) € ZF occurs within a solution (z1, ..., T, y1, ..., Ys)
to the above system, if and only if (zq, ..., zx) € R.

The result follows from the fact that the solution set to a disjunction of systems
is just the union of the solution sets, so if we take the disjunction of the systems
obtained from each linear set used in the finite union of a semilinear set, we obtain

the desired disjunction. 0

We are now in a position to describe the solution language to a system of twisted

equations with constraints in a free abelian group, using an EDTOL system.

Lemma 4.3.15. The multivariable solution language to a system of twisted equa-

tions with rational constraints in a free abelian group, with respect to the virtually
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abelian equation length, and the standard generating set and normal form, is accepted
by a multivariable finite-state automaton, which is constructible in non-deterministic

quadratic space.

Proof We will use ¥ = {ay, ..., a} to denote the standard generating set for Z*.
Let € be a system of equations in Z* with a Multivariable solution language L. By
Lemma 4.3.14, there is a disjunction F of systems of equations, and inequalities of

the form X > 0, in Z, with set of solutions Sz, such that

_ x Tk T(k—1)n+1 Ty
L={(a"--ai*, ..., coealt) | (21, ooy Tk, Y1, -5 Ur) € SET
Consider the following language
_ z Tg Z(k—1)n+1 Ty Y1 r
M ={(al", ..., ai*, ..., a; e @ b W) | (T, - Tk Y1 e, Ye) € SEL

We will start by showing that M is accepted by a kn-variable finite-state automa-
ton, constructible in NSPACE(n?). First note that as this class is closed under finite
unions (Lemma 2.4.3), we can assume F is a single system of equations and inequal-
ities, rather than a disjunction of systems. Let m be the number of inequalities of

the form X > 0 within F.

We will proceed by induction on m. If m = 0, then F is a system of equations
in Z, and thus the solutions are accepted by a kn-variable finite-state automaton
that is constructible in NSPACE(n?), by Lemma 4.3.5 and Lemma 4.3.6. Inductively
suppose M is accepted by such a kn-variable finite-state automaton, constructible
in NSPACE(n?), when m = r, where r € Zsq. If m = r + 1, then F can be obtained
from a system of equations and inequalities G, with the addition of a single inequality
X > 0. By our inductive hypothesis, the solution language of G is EDTOL, and an
EDTOL system can be constructed in NSPACE(n?).

The addition of the inequality X > 0, can be achieved by intersecting the coordinate
of the solution language of G corresponding to the variable X with the regular
language {a;}*, where a; is the free abelian generator corresponding to X. The

fact that this intersection is still accepted by a kn-variable finite-state automaton
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constructible in NSPACE(n?) follows from Lemma 4.2.13. Since this intersection

equals M, we have that M is accepted by a kn-variable finite-state automaton,

constructible in NSPACE(f).

To obtain L from M, all we have to do is ignore the last r coordinates, so we take
an automaton for M, and we define one for L by removing the last r coordinates

from each label. Since this can be done using the same space, the result follows. [J

We now have everything needed to show the following.

Theorem 4.3.16. Solutions to a system of equations with rational constraints in a
virtually abelian group are accepted by a multivariable finite-state automaton, with
respect to the regular quasi-geodesic normal form from Remark 4.5.8, induced by
the standard normal form on free abelian groups. Moreover, this automaton is con-
structible in non-deterministic quadratic space, with respect to the virtually abelian

equation length.

Proof This fact that the solutions are accepted by a multivariable finite-state au-
tomaton, constructible in NSPACE(n?) follows from Lemma 4.3.15 and Proposition
4.3.9. The fact that the normal form is regular and quasi-geodesic follows from Re-
mark 4.3.8, and Lemma 4.3.11, respectively, together with the fact that the standard

normal form on a free abelian group is regular and quasi-geodesic. O

Corollary 4.3.17. Solutions to a system of equations with rational constraints in a
virtually abelian group are EDTOL in non-deterministic quadratic space, with respect
to the virtually abelian equation length, and with respect to the reqular quasi-geodesic
normal form from Remark 4.3.8, induced by the standard normal form on free abelian

groups.

Proof This follows from Theorem 4.3.16 and Lemma 4.2.16. O

Remark 4.3.18. Corollary 4.3.17 uses the normal form defined by writing an el-
ement of a virtually abelian group as a product of a word in the finite-index free
abelian normal subgroup, written in standard normal form, with an element of the

(finite) transversal for that subgroup.
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We can change our generating set to any other generating set, and there will exist a
normal form such that solution languages are still EDTOL. Adding a new generator
does not change the language at all, as we can keep the normal form the same, and so
our new generator will not appear in any normal form word. To remove a redundant
generator ¢, we can fix a word w, over the remaining generators and their inverses
that represents the same element as ¢, and apply the free monoid homomorphism
that maps ¢ to w,.. This corresponds to changing the normal form used by replacing

every occurrence of ¢ with w,.

Changing the normal form is more difficult. In [19], Section 5, Ciobanu and Elder
show that changing between quasi-geodesic normal forms will not affect whether
or not the solution language to a given system is EDTOL. This relies on the fact
that in a hyperbolic group G, the set of all pairs (u, v) of (A, p)-quasi-geodesics
such that u =g v is accepted by a 2-variable finite-state automaton. Unfortunately,
this doesn’t work in Z?2, so a different approach would be required to preserve the
EDTOL status of the language when changing between normal forms in virtually

abelian groups.

We now study the growth series of the solution language to a system of equations in

virtually abelian groups. For this, we need the following result on polyhedral sets.

Lemma 4.3.19. Let A C (ZF)" be the solution set to a system of twisted equations
in ZF (with n variables). Then A is a polyhedral subset of Z*".

Proof By Lemma 4.3.3, A may be viewed as the set of solutions to a system of
(non-twisted) equations in Z, with kn variables, with each element of A given as a
vector in Z**, with respect to the standard basis of Z*". Now a single such equation

in Z may be expressed as
kn
E aQ;r; = b
i=1

for variables z; and constants a;, b € Z. Therefore the solution set to such an

equation has the form

kn

Zaixi:b}:{XEZk" a~x:b}

=1

{(xl, ., Tgp) € ZFM
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and is thus an elementary set (see Definition 4.2.2). The solution set to a system of
equations is then the intersection of finitely many elementary sets, and is therefore

a polyhedral set by the definition.

We can now use the polyhedral structure of solution sets in Z* to prove the following

Proposition about the growth of solution languages in virtually abelian groups.

Proposition 4.3.20. The solution language of any system of equations in a virtually

abelian group has rational growth series.

Proof As before, let G be a virtually abelian group and let Z* denote a free abelian
normal subgroup of finite index, and 7" a choice of transversal. The normal form on
ZF given by the standard basis vectors is denoted 7. By Lemma 4.3.7, the solution

language is given by a finite union of sets of the form

{(hamtagt(han)tadt - - #(han)tn | (ha, -5 ha) € Ag} (4.8)

where n is the number of variables, t = (¢1, ..., t,) is some subset of 7", and each

Ay is the solution set to some system of twisted equations in ZF.

Now, the word (hin)t1# - - - #(hun)t, € (T U{#} U {+xe; | 1 <i < kn})" has length
2n — 1+ |(h1, ..., hy)|. So the growth series of the set (4.8) is equal to the growth

series of Ay multiplied by 2?"~!. That is,

2N Sy, o he) € Ay [ o )| =m}em
m=0

Since each Ag is polyhedral by Lemma 4.3.19, Corollary 4.2.8 implies that their
growth series (with the weight of each generator equal to 1 in this case) is rational,
and hence the growth series of (4.8) is also rational. So the growth series of the

solution language is a finite sum of rational functions, and is therefore rational. [J

Remark 4.3.21. We note that the language above will not be context-free in gen-

eral. For example, suppose the underlying group is Z = (z), and consider the

63



Chapter 4: Equations in virtually abelian groups

equation X =Y = Z (more formally the system of equations XY 1 =Y Z~1 =1).
In the notation of this thesis, the set of solutions is {a™#a"#a™ | m € Z}, which

is not context-free over the alphabet {a, a™!, #} by standard techniques.

Thus we have a large class of EDTOL languages, with rational growth series, which

are not, in general, context-free.

4.4 Relative growth of algebraic sets

We now study the nature of algebraic sets from a different point of view. Expanding
on the theme of Proposition 4.3.20, we consider the growth of algebraic sets, this
time as sets of tuples of group elements, with respect to a metric inherited from the

word metric on the group.

The usual notion of the growth function of a group can be altered by restricting to a
subset. This is known as relative growth. The study of relative growth of subgroups
in particular has attracted significant interest, for example Davis-Olshanskii [28],
and recently Cordes-Russell-Spriano-Zalloum [25]. Here, we define and study the
relative growth of algebraic sets. Since such a set is a subset of G", rather than
G itself, we must decide how to assign lengths to tuples. We do this in perhaps
the most obvious way, by taking the sum of the lengths of the components (see

Definition 4.4.2).

Since the growth of virtually abelian groups is always polynomial (that is, the num-
ber of elements of length n is at most polynomial in n), it is clear that the same
will be true of algebraic sets. Instead, we study the growth series, the formal power
series associated to the relative growth function of an algebraic set, and show that
this is always a rational function (see Theorem 4.4.3). This means that there exists
a set of unique geodesic representatives for each algebraic set, which has rational

growth series as a language.

An alternative approach which avoids the need to define the length of n-tuples of

group elements is to study the multivariate growth series, the formal power series
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in n variables, which correspond to the n variables of the system of equations in
question (see Definition 4.4.2). In this case, we have the weaker result that the

series is always holonomic (Corollary 4.4.21).

From now on we will assume that G is virtually abelian with a normal, finite index

subgroup isomorphic to Z* for some positive integer k.

Definition 4.4.1. Let G be generated by a finite set S and suppose S' is equipped
with a weight function || - ||: S — Zso. This naturally extends to S* so that

k
H<’>’152 T SkH = Zz’:l HSz‘H-

1. Define the weight of a group element as
gl = min{{lw|| [ w € 5%, w =g g}.

Any word representing g whose weight is equal to ||g|| will be called geodesic.
This coincides with the usual notion of word length when the weight of each
non-trivial generator is equal to 1.

2. Let V C G be any subset. Then the relative weighted growth function of V

relative to GG, with respect to .S, is defined as

ovcas(m) =#{geV ||g| =m}.

For simplicity of notation, we will write oy (m) when the other information is
clear from context.

3. The corresponding weighted growth series is the formal power series
[e.e]
SVQG,S(z) = Z UVQG,S(Tn)Zm.
m=0

Benson proved in [8] that the series Sgc(2) is always rational (that is, the standard
growth series of GG), and Evetts proved in [45] that for any subgroup H of G, the series
Shca(z) is always rational. Both of these results hold regardless of the choice of
finite weighted generating set. As discussed, we wish to apply these ideas to algebraic
sets, which are subsets of G™ in general, for some positive integer n. Therefore, we

extend Definition 4.4.1 as follows.
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Definition 4.4.2. Let G be generated by a finite inverse closed set S, equipped

with a weight function || - ||.

1. We use || - || on S to define a function || - ||: G — Z>o by
]l = min{{fos || +- -+ fJoell [ vi € S, 01 -0 =¢ 2}

2. Let x = (z1, ..., x,) € G™ be any n-tuple of elements of G. Define the weight

of x as follows:
Il = [l
i=1

3. Let V. C G" be any set of n-tuples of elements. Then the relative weighted

growth function of V is defined as the function
ovcan,s(m) = #{x € V | ||x|| = m}.

4. The corresponding (univariate) weighted growth series is
SVQG"7S(Z) = Z nggnﬁ(m)zm S Q[[ZH
m=0
5. The multivariate growth series is the formal power series

Mycans(z1y.. .y 20) = Z Al el e Qlzy, 20, - - 2]l

(I1,...,xn)€V
We will suppress some or all of the subscripts when it is clear what the notation
refers to.
With these definitions, we can state the main result of this section.

Theorem 4.4.3. Let G be a virtually abelian group. Then every algebraic set of G

has rational weighted growth series with respect to any finite generating set.
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4.4.1 Structure of virtually abelian groups

To prove the Theorem, we will extend the framework used in [8] and [45] to apply
to our setting. We give the necessary definitions and results below, and refer the

reader to the above mentioned articles for full details.

Definition 4.4.4. As above, fix a finite inverse closed generating set S for G.

1. We define A = SNZ* and B = S\ A. Any word in B* will be called a pattern.
2. Let A={zy, ..., .}, and ™ = y195 - - - y; be some pattern (with each y; € B).

Then a word in S* of the form

01,02 i lrg1, irt2 i2 Ur41, bir42 Uy
W =TTy TN Ty P Yy Ty (4.9)

for non-negative integers i; is called a w-patterned word. For a fixed 7 € B*,

denote the set of all such words by W™.

This definition allows us to identify patterned words with vectors of non-negative

integers, by focussing on just the powers of the generators in A as follows.

Definition 4.4.5. Fix a pattern 7 of length [, and write m, = lr + r. Define a

bijection ¢ : W™ — ZI7 via

B O SR L B N S Urgl, Slrd2 | e . . .
B A SRIR l Vo 1 T2ys -y Ty = (1, doy -y Gpag)-

This bijection will allow us to count subsets of Z™~ in place of sets of words. We
apply the weight function || - || to Z™~ in the natural way, weighting each coordinate

with the weight of the corresponding x € A. More formally, we have

Mz

Gy s dma) = a1 mmoa oI
j=1
Then ¢, preserves the weight of words in W™, up to a constant:

[wll = llwll = =]
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Fix a transversal T for the cosets of Z* in G. Note that, since Z* is a normal
subgroup, we can move each y; in the word (4.9) to the right, modifying only the
generators from A, and we have w € Z*%. Thus W= C ZFt. for some t, € T where

T € Zkt,.

It turns out that we can pass from a word w € W™ to the normal form (with
respect to T and the standard basis for Z*) of the element W using an integral affine

transformation.

Proposition 4.4.6 (Section 12 of [8]). For each pattern m € B*, there exists an
integral affine transformation A™: 215 — 7F such that W = (werA™)t, for each

weWwr.

Observe that the union |J W™ of patterned sets taken over all patterns 7 contains a
geodesic representative for every group element (since any geodesic can be arranged
into a patterned word without changing its image in the group). However, this is

an infinite union, since patterns are simply elements of B*.

Consider the extended generating set S defined as follows:
gz{slsz---sc |s;i€ S, 1<e<|[G: Zk]}

Define a weight function || - |~: S — Zso via ||s182- -« Se|lo = >y |lsill- Notice
that although group elements will have different lengths with respect to this new
generating set, we have ||g||~ = ||g|| for any ¢ € G. Thus the weighted growth
functions, and hence series, of any subset V' C G with respect to S and S are equal.
The following fact shows that passing to this extended generating set means we only

need consider finitely many patterns.

Proposition 4.4.7 (11.3 of [8]). Every element of G has a geodesic representative
with a pattern whose length (with respect to §) does not exceed [G: Z*].

Definition 4.4.8. Let P denote the set of patterns of length at most [G: Z¥] (with

respect to S).

From now on we will implicitly work with the extended generating set, allowing us
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to restrict ourselves to the finite set of patterns P.

We now reduce each W7 so that we have only a single geodesic representative for

each element of G.

Theorem 4.4.9 (Section 12 of [8]). For each m € P, there exists a set U™ C W™ such
that every word in U™ is geodesic, every element in G is represented by some word in
Urep U™, and no two words in | J,..p U™ represent the same element. Furthermore,

each U™ ¢, is a polyhedral set in 7.

Corollary 4.4.10. The weighted growth series Saca(z) of G is rational, with respect

to all generating sets.

Proof The growth series Sqcq is precisely the growth series of |, ., U™ as a set.

From Definition 4.4.5 we have

Surca(z) = 2ISyrg, (2)

and thus
Saca(z) = Y 2AMSyrg, (2)

meP
is rational, since each Syrg, (%) is a positive polyhedral set and hence rational by

Proposition 4.2.7

4.4.2 Univariate growth series of algebraic sets

We can now demonstrate our main result. This will be a consequence of a more
general rationality criterion. First, we make the following definitions, extending the

framework explained above to n-tuples of group elements.

Definition 4.4.11. Let = = (my, ..., m,) € P" be a tuple of patterns, with respect

to S.

L Let WE=Wm x--. x W™ and UE=U™ x --- x U™ C (S*)". Note that U™
is a polyhedral set by Proposition 4.2.3.
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2. Let my = Y0 my,, and |z = S0, [mi].

3. Define a map ¢,: W™ — Zgg in the natural way via

(Wi, « .oy Up) = (W1 Pryy - vy Ui,

As in the above discussion, ¢, preserves the weight of words, up to a constant,
ie.

n
(wr, ooy w)gll =Y llwill = llzl-
i=1

4. Given A™ as in Proposition 4.4.6, define an integral affine transformation

AT: 75, — ZF" in the natural way via

(z1, ...y zp) = (0 A™, ..., 2, A™) €ZF x - x ZF.

Now we define a class of subsets of finitely generated virtually abelian groups which

is particularly amenable to study using the tools we have described.

Definition 4.4.12. Let T be a choice of transversal for the finite index normal
subgroup Z*. A subset V' C G™ will be called coset-wise polyhedral if, for each
t=(ti, ..., t,) € T™, the set

V;: = {(gltfla 92t517 cey gntgl) ‘ (glv cey gn) S ‘/7 gi € Zktz} - an

is polyhedral.

Remark 4.4.13. Note that the definition is independent of the choice of T". Indeed,
suppose that we chose a different transversal 7" so that for each ¢t; € T we have
t € T' with Z*t; = Z*t;. Then there exists y; € Z" with t; = y;t} for each j, and
SO gt;_1 = gjtj_lyi for any g € ZFt; = Zkt;. So changing the transversal changes the
set Vi by adding a constant vector (yi, ..., ¥,), and so it remains polyhedral by
Proposition 4.2.5.

As an example of Definition 4.4.12, we provide a brief proof that subgroups are

coset-wise polyhedral.
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Proposition 4.4.14. Let G be a virtually abelian group, with normal free abelian

subgroup ZF, and let H be any subgroup. Then H is coset-wise polyhedral.

Proof By the Second Isomorphism Theorem, H is itself virtually abelian, with
finite-index (free) abelian subgroup H N Z*. Furthermore, ¢ := [H: H N Z*] <
[G: Z*] =: d. Choose a set of representatives {t;, ..., t.} for the cosets of H NZ*
in H, and extend this to a set of representatives {¢;, ..., t¢,ter1, ..., tq} for the

cosets of Z* in G. For each t; with ¢ < ¢, the set
H, ={nt;"|he H, heZ'}={ht;'|he (HNZ")t;} = HNZ"

For i > ¢, Hy, is empty. Now since H NZF is free abelian, it is a polyhedral set when
viewed as a subset of ZF. The empty set is also polyhedral (as, say, the intersection

of a pair of disjoint hyperplanes). Hence H is coset-wise polyhedral. O

In light of Proposition 4.4.14, the following Theorem is in some sense a generalisation
of Theorem 3.3 of [45], namely that every subgroup has rational relative growth

series.

Theorem 4.4.15. Let G be virtually abelian, with normal free abelian subgroup Z*,
and let S be any finite weighted generating set. If V. C G™ is coset-wise polyhedral,

then the weighted growth series Sycan s(z) is a rational function.

Proof Fix a transversal T. For each t € T", let P, C P™ denote the set of n-
tuples of patterns of the form © = (w1, ..., m,) where each m; € ZFt;. Let U™ =

U™ x-.-xU™ C (S*)". Then by Theorem 4.4.9, the disjoint union | J__, U™ consists

TEP;
of exactly one n-tuple of geodesic representatives for each n-tuple in Z*t, x - - - x Z*t,,.
We are only interested in n-tuples of elements which lie in the set V. Each element

of V' lies in a unique product of cosets, so we partition V into such products:

V= U {(gl, ey gn)€V|ngZktl}: U {(91, ey gn)EG"|(gltf1, Ce gnt;1>€‘/t}

teTn teTn

(4.10)
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Now, for a fixed t, (g1, ..., ¢gn) has a unique geodesic representative in the set U™,
for some w € P; determined by t. So the growth series of each component in the

union (4.10) is equal to the growth series of the set

U {u, -y ) € US| (o, A™, .. unn, A™) € Vi} = | Vil(pAm) INU=.

weP TeP;

Applying the map ¢, to a component of the union yields the set

{(widr, ..., Undn) € Uy | (w1 A™, ..., U, A™) € Vi} = V; (AD) ' NUZ .

Now by Propositions 4.2.3 and 4.2.5, this last set is polyhedral, and so has rational
growth. Since both T™ and P, are finite, the growth series of V is a finite sum of
growth series of sets of the form V (AT)™' N UZ¢, (each multiplied by 2= for the

appropriate m) and is therefore rational, finishing the proof. O
We can now prove the main result of this section.

Proof (of Theorem 4.4.3.) Let S denote an algebraic set. By Theorem 4.4.15, it

suffices to show that S is coset-wise polyhedral. By Lemma 4.3.7 we have

S=|J At o, hatn) | (ha, o ho) €Sy}
(t15eestn)EB

= U {(h/ltl7 ceey hntn) | (hl, ey hn) e S(t17~~~7tn)}
(tl,...,tn)eT"

where each S, .., is the solution set to some system of twisted equations in ZF
(and is empty for (¢, ..., t,) ¢ B. By Lemma 4.3.19, each Sy, . +,) is a polyhedral

subset of Z*", and thus S is coset-wise polyhedral as required. U

For clarity, we explicitly state the description of algebraic sets in terms of polyhedral

sets, which is a consequence of the proof of Theorem 4.4.3.

Corollary 4.4.16. Let G be a finitely generated virtually abelian group (with a

finite-index free abelian normal subgroup Z* for some k). Choose a transversal T
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Suppose S C G™ is an algebraic set. Then for each t = (t1, ..., t,) € T", there

exists a polyhedral set Sy C ZF" such that S decomposes as a finite disjoint union:

S = U {(gl, ceey gn)GZktlxektn‘(gltfl, ceey gntgl)ESt}

tern
4.4.3 Multivariate Growth Series

We now turn to the multivariate growth series (see Definition 4.4.2) and demonstrate
that for an algebraic set V', the multivariate growth series Mly can 5(2) is a holonomic

function.

Definition 4.4.17. For clarity, we also define the multivariate growth series of a
language. Let L be a language over some finite weighted alphabet A = {a4,...,a,}
(with weights denoted ||a;||) and let |w|; denote the number of occurrences of a; in

a word w € L. The weighted multivariate growth series of L is the formal power

series
Z Zyal“.‘w‘lzgaQII-lez T Z?”aru'lwlr € @[[217 22y 7Zr]]'
weL
Let z = (21,...,2,) and 0,, denote the partial derivative with respect to z;.

Definition 4.4.18. A multivariate function f(z) is holonomic if the span of the set
of partial derivatives

{00202 ---0I" f(z) | ji € Z>o}

21 722

over the ring of rational functions C(z) is finite-dimensional.

From this definition, we see that a function is holonomic if and only if it satisfies a
linear differential equation involving partial derivatives of finite order, and rational
coefficients, for each variable z;. Holonomic functions thus generalise the class of

algebraic functions. For a more complete introduction to this topic, see [49].

In recent work [9], Bishop extends results of Massazza [71] to show that a certain
class of formal languages has holonomic multivariate growth series. The follow-
ing Lemma follows easily from Proposition 4.3 of [9], and the fact that holonomic

functions are closed under algebraic substitution (Theorem B.3 of [49]).
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Lemma 4.4.19. The weighted multivariate growth series of a polyhedral set (viewed
as a formal language over the alphabet consisting of standard basis vectors) is holo-

nomic.

As in the univariate case, we prove a more general statement about coset-wise poly-

hedral subsets.

Theorem 4.4.20. Let V C G" be a coset-wise polyhedral set of tuples of elements of
a virtually abelian group G. Then the weighted multivariate growth series Mycgn s

s holonomic, with respect to any generating set S.

Proof Following the proof of Theorem 4.4.15, the coset-wise polyhedral set V
is represented by a finite disjoint union of polyhedral sets in Z*", where k is the

dimension of the finite-index free abelian normal subgroup of G.

Lemma 4.4.19 implies that the weighted multivariate growth series of each of these
polyhedral sets (in the sense of Definition 4.4.17) is holonomic. These series will

involve kn variables, say

(lev"'7zlk7 Z21y e v vy B2y + v vy Zn17"'7znk)'

To obtain the weighted multivariate growth series of V' (in the sense of Definition
4.4.2), we need only set each z;; = z; and multiply each of the finitely many growth
series by an appropriate constant to account for the contribution from each pattern
x. The closure properties of holonomic functions (Theorem B.3 of [49]) ensure that
the resulting growth series is still holonomic (with variables z1, ..., z, corresponding

to the variables in the system of equations). U

We currently do not have an example of an algebraic set in a virtually abelian group
where the multivariate growth series is not rational. Given how many well-studied
subsets of virtually abelian groups seem to have rational growth, there is reason to
believe this might be rational as well. However, using Bishop’s result [9], we are

able to show that they are (at least) holonomic.
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Corollary 4.4.21. An algebraic set in a virtually abelian group has holonomic

weighted multivariate growth series.

Proof The proof of Theorem 4.4.3 shows that any algebraic set is coset-wise poly-

hedral. O
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Chapter 5

Equations in extensions

5.1 Introduction

This chapter is based on the work of the author [65].

The focus of this chapter will be the stability of the class of groups where solu-
tions to systems of equations can be expressed as EDTOL languages under various
constructions. We use these facts together to prove that groups that are virtually
direct products of hyperbolic groups belong to this class. As a corollary to this, we
also obtain the solutions to systems of equations in dihedral Artin groups can be

expressed as EDTOL languages.

Theorem 5.1.1 collects the main results in this chapter. The format used to express

solutions as words is explained in the preliminaries (Section 5.2).

Theorem 5.1.1. Let G and H be groups where solution languages to systems of
equations are EDTOL, with respect to mormal forms ng and ng, respectively, and
EDTOL systems are constructible in NSPACE(f), for some f. Then in the following
groups, solutions to systems of equations are EDTOL, and an EDTOL system can be

constructed in non-deterministic f-space:

1. GUF, for any finite group F (Proposition 5.4.5);
2. G x H (Proposition 5.4.6);
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3. Any finite index subgroup of G (Proposition 5.5.3);

In the following groups, solutions to systems of equations are EDTOL, and an EDTOL
system can be constructed in NSPACE(n*logn):

4. Any group that is virtually a direct product of hyperbolic groups (Corollary
5.6.9);
5. Dihedral Artin groups (Corollary 5.6.10).

If ng and ng are both quasi-geodesic or regular, then the same will be true for the
normal forms used in (1), (2) and (3). It is possible to choose normal forms for
the groups that are virtually direct products of hyperbolic groups in (4), and dihedral

Artin groups in (5) that are regular and quasi-geodesic.

Whilst an understanding of the set of solutions to a system of equations in a direct
product follows immediately from understanding the solutions to the projection
onto each of the groups in the direct product, showing that the language can be
expressed in the correct format requires more work, which we explore in Section 5.3.

This format is also required to prove Theorem 5.1.1(1).

The proof of Theorem 5.1.1(4) is based on Ciobanu, Holt and Rees’ proof of the
fact the satisfiability of systems of equations in these groups is decidable [22], in
a work that also looks at recognisable constraints. We show that the addition of
recognisable constraints to any system of equations preserves the property of having
an EDTOL solution language, and use this to show that the class of groups where
systems of equations have EDTOL solutions is closed under passing to finite index

subgroups.

Section 5.2 covers the preliminaries of the topics used. In Section 5.3, we prove
Proposition 5.3.7 on the parallel concatenation of words, which is an important part
of the proofs of the stability of groups where systems of equations have EDTOL solu-
tion languages under direct products (Proposition 5.4.6), and wreath products with

finite groups (Proposition 5.4.5). Section 5.4 covers the proofs of those propositions.

Section 5.5 includes the addition of recognisable constraints to equations with EDTOL
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solutions, and is used to prove that the property of systems of equations having
EDTOL solution languages passes to finite index subgroups, with respect to the
Schreier normal form, based on the normal form used in the finite index overgroup
(Proposition 5.5.3). Section 5.6 concludes with the proof that systems of equa-
tions in groups that are virtually direct products of hyperbolic groups have EDTOL

solution languages.

Notation 5.1.2. We introduce some notation to be used throughout the chapter.

e Let G be a group. We use FIN(G) to denote the class of groups that contain
G as a finite index subgroup;
e If L is a language over an alphabet X, we use L¢ to denote the complement of

L within ¥*.

5.2 Preliminaries

5.2.1 Dihedral Artin groups

We briefly define dihedral Artin groups. An application of Corollary 5.6.9 is that

solution sets to systems of equations in these groups form EDTOL languages.

Definition 5.2.1. A dihedral Artin group DA,,, where m > 2, is defined by the

presentation
{(a, blaba---=bab---).
——  ——

The following lemma is widely known. A brief sketch of the proof can be found in

[22], Section 2.

Lemma 5.2.2. A dihedral Artin group is virtually a direct product of free groups.

5.2.2 Schreier generators

We use Schreier generators, along with the normal form they induce, in order to

show that the class of groups where systems of equations have EDTOL languages of
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solutions is stable under passing to finite index subgroups. This subsection is based

on Section 1.4 of [56].

We start with the definition of Schreier generators.

Definition 5.2.3. Let GG be a group, generated by a finite set X, H be a finite index
subgroup of GG, and T be a right transversal of H in GG. For each g € G, let g be the
(unique) element of T" that lies in the coset Hg. The Schreier generating set for H,
with respect to T and Y, is defined to be

Z={talz ' |teT, €}

Whilst the fact that the Schreier generating set is a finite generating set for H is

widely known, we include a proof, as we later use ideas from the proof.

Lemma 5.2.4. Let G be a group, generated by a finite set 32, H be a finite index
subgroup of G, and T be a right transversal of H in G. Let Z be the Schreier
generating set for H. Then Z is finite, and

H=(Z).

Proof We first show that
77t = {tafltx—lil |teT, zeX}.

Let S = {tx_ltx—lfl [t €T, v €%} Let g =taa 't~ = (twlx )" € Z~L. Let

—_— —_— p—— —_1
v = tx. Note that vo—! =tzz~! =+¢. Then g = vz lvz=! €5, andso Z71 C 8S.

-1 N -
Let g=tax ta=! € S. Then ¢! = ta—1at™!. Let v = tz~!. Then 77 = t, and so

g ' =wvavz ! € Z. We can conclude that S C Z~ 1.

The fact that Z is finite follows from the fact that 7" and ¥ are finite. Let ¢ty be the
unique element of 7N H. Let h € H (this will usually be 1, but does not need to

be). Then talhto =a;---ay,, for some ay, ..., a, € £F. Let t; = @y ---a; for each
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ie{l, ..., n}, and note t, = to. We have

h = (toarty V) (tragty ) - -+ (ta_rant;b).

Note that t;a;.1 = a1 ---a;a;01 = t;y1, and so
—1 —1 —1
h = (toaltoal )(tla,gtlag ) R (tn_lantn_lan )

Each of the parenthesised terms lie in Z if a; € ¥, or S if a; € X7, Since S = Z71,
we have h € (Z). O

The proof of Lemma 5.2.4 induced a normal form for the finite index subgroup,
with respect to the Schreier generating set. We now give a formal definition of this

normal form.

Definition 5.2.5. Let G be a group, generated by a finite set ¥, H be a finite
index subgroup of GG, and T be a right transversal of H in G. Let Z be the Schreier

generating set for H. Fix a normal form 7 for (G, ).

We define the Schreier normal form ¢ for (H, Z), with respect to 7, as follows. Let
h € H, and suppose hn = a; - - - a,, where a1, ..., a, € XF. Let t, be the unique
element of T'N H, and define t; = ay - - - a;. Define h( by

h¢ = (toartoar ) (tiastiaz )+ (to1Gntn_1an ). (5.1)

The fact that this indeed defines an element of H, and equals h is contained in the

proof of Lemma 5.2.4.

If the normal form from the finite index overgroup is regular or quasi-geodesic, then
the Schreier normal form is regular or quasi-geodesic, respectively. The latter re-
quires an additional lemma that we prove later, however we can show that regularity

is preserved without additional results.

Lemma 5.2.6. Let G be a group, generated by a finite set ¥, H be a finite index
subgroup of G, and T be a right transversal of H in G. Let Z be the Schreier

generating set for H. Fixz a normal form n for (G, %).
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Let ¢ be the Schreier normal form with respect to n, as in (5.1). If n is reqular with

respect to X3, then C is reqular with respect to Z.

Proof We will extend ( to the whole of GG, with respect to the generating set
ZU{tzu™t |u, t €T, v € ¥}. Let g € G, and suppose togt,'n = a, - - - a, where
each a; € ¥*. Define ¢: G — ((ZU {tau™" |u, t € T, x € ¥})*)* by

gC = (toarfoas )(trastiag )+ (tn_tanty?).

Note that Q: is an extension of (. We will first show that Q: is regular, then use an

intersection to show ( is regular.

Consider a finite state automaton A that accepts imn, with set of states @), start
state qp, and set F' of accept states. We will construct a new finite state automaton
B to accept im ¢. Our set of states will be (Q x T x {0, 1})U{\}, where )\ is a new
state, our start state will be (qo, to, 0), and A will be our only accept state. For
each transition (p, a) — ¢ in A, and each ¢ € T, define the following transitions in

B:

((p, £, 0), a) = (g, ta, 1),

(g, Ta, 1), ta ") = (q, ta, 0).
For each ¢ € Q and t € T', we also have a transition
((q, t, 1), tg) = A

By construction, whenever we read ta, we must follow with 5_1, unless we are going
to the accept state (at the end of the word), in which case we follow with t;'. As a
result, B only accepts words in im (. Conversely, B accepts any word in imn after
its conversion into a word in im 5 , and we can therefore conclude that B accepts

imé.

We have that im¢ = im¢ N (Z*)*. As an intersection of regular languages, this is

regular. 0
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5.3 EDTOL languages about a distinguished letter

Recall that we denote a solution (g1, ..., gn) to a system of equations in a group
G using the word (¢11)# - - - #(g.n). In order to show that groups where systems of
equations have EDTOL solution languages are closed under certain types of extension
(such as direct products), we are required to prove Proposition 5.3.7, which allows

us to concatenate in parallel two EDTOL languages where every word is of the form

UoFf - -+ FUn.-

The following lemma allows us to use different symbols for each # that delimits the
group elements, rather than the same one each time. The proof is joint work with

Alex Evetts.

Lemma 5.3.1. Let n € Z~o, {#, #1, ..., #n} be a set of formal symbols, and
A be an alphabet, such that #, #1, ..., #. & A. Let A be a set of n-tuples of
words over A. Define languages L and M over A U{#} and AU {#1, ..., #n},
respectively, by

L = {u#wat - H#w, | (wy, ..., w,) € A}
M = {wFF1wafs - Fn 1 W | (W1, ..., w,) € A}

Let f: ZZO — ZZQ. Then

1. The language L is EDTOL if and only if M 1is;
2. There exists an EDTOL system for L that is constructible in NSPACE(f) if
and only such an EDTOL system for M exists.

Proof Applying the monoid homomorphism #1, ..., #,_1 — #, #, — € maps
M to L, so the backward directions of (1) and (2) follow by Theorem 3.3.2.

Suppose L is EDTOL. We will first show that

N = {wF#1wotts - F#norwy, | (w1, ..., w,) € A}

is EDTOL. Consider an EDTOL system #H; = (X U {#}, C, L, R) that accepts
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L, and that is constructible in NSPACE(f). Note that we can assume our start
word is a single letter, instead of a word w by adding an additional letter L, and

preconcatenating the rational control with an endomorphism 1+ w. Let B C

End(C*) be an alphabet of R.

We will construct a new EDTOL system from Hj which will accept M. Let Ciq =
{c¥*i | ce O i, 7 € {1, ..., n}} be the set of symbols obtained by indexing
elements of C' with a section of the sequence (1, ..., n), including the empty
sequence (if 7 > 7). By convention, we will consider a letter ¢ € C' indexed by the
empty sequence to be equal to ¢, and so C' C C},q. Our extended alphabet will be
Cina. Let ¢ € B. Define &, C End(Cina) to be the set of all endomorphisms
defined to by

i 011,501k 121,402k i i
Ly.ens] _ seentlky 2 .. plrlseslrk
i = x4 Ty x, T,

where z1 -2z, = ¢¢, and (i11, ..., i) = (i, ..., j). Note that some (or all)
of the sequences may be empty. Let R be the rational subsets of endomorphisms

of C, obtained from R by replacing each ¢ € B with ®,. The EDTOL system

Hy = (S U{#1, -, #u, Cimay L1, R) will only accept words of the form
a’fl’”"i”ﬂ ...ai”’""i"kr, where (i11, ..., i) = (1, ..., n), and ay---a, € L. How-
ever, since our alphabet is X U{#1, ..., #,}, it can only accept words over that al-

phabet, which are precisely words of the form wo#; - - - #,w,, where w# - - - #w,, €

L, and thus will accept M.

It now remains to show H,, is constructible in NSPACE(f). It doesn’t require extra
memory beyond a constant to add L as the start symbol. To write down the new
extended alphabet Ci,q, we just proceed as we would when constructing H, but
whenever we write a symbol ¢, we also write all of the indexed versions. To do this
we just need to record the letter ¢ we are on, along with the previous index written,

so this is still possible in NSPACE(f).

To output R, we simply proceed with writing down the finite state automaton that
accepts R, and replace each edge labelled by ¢ € B with a set of edges between the
same states, labelled with each ¢ € ®4. To do this, we can compute ®4, store it,

and remove each i € ¢, from the memory as we write it. This will require n times
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as much memory as writing down R, but since n is a constant, it is constructible in

NSPACE(f). 0

We introduce the concept of a (#1, ..., #,)-separated EDTOL system, which is

key in the proof of Proposition 5.3.7.

Definition 5.3.2. Let ¥ be an alphabet, and #1, ..., #, € X. A (#1, ..., #n)-
separated EDTOL system is an EDTOL system H, with a start word of the form
Wo1w1Hs + * - Fnwn, Wwhere w; € (S\{#1, ..., #,})* for all i, and such that #,¢~1 =

{#,}, for all i, and every ¢ in the rational control.

We now show that the class of (#1, ..., #,)-separated EDTOL languages is stable

under finite unions.

Lemma 5.3.3. Let L and M be languages over an alphabet ¥ that are accepted by
(#1, ..., #n)-separated EDTOL systems. Then

1. The language LU M is accepted by a (#1, ..., #n)-separated EDTOL system
M;

2. If L and M are accepted by EDTOL systems constructible in NSPACE(f), for
some f: Zso — Lxo, then M is also constructible in NSPACE(f).

Proof LetH; = (X, CL, wott1 -+ #nwn, Rr)and Hy = (2, Cur, vo#1 - H#aln, Rur)
be (#1, ..., #un)-separated EDTOL systems accepting L and M, respectively, that

are both constructible in NSPACE(f). We will assume without loss of generality
that C\X and Cy/\X are disjoint. Let C' = Cp UCy U{ Ly, ..., L,}, where each

L; is a symbol not already used. For each ¢ € Ry, define ¢ € End(C*) by

_ cp ceCp
c c¢Cy.

Define ¢ for each ¢ € Ry analogously. Let R = {¢ | $ € R, URy}, and note that
R is rational. Define ¢, ¥, € End(C*) by

Livp=w;, Livy=u,
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for all 2. We can conclude that L U M is accepted by (X, C, Lo #1-+ #n Ln
) {va wM}R)

Since R, and Ry can be constructed in NSPACE(f), it follows that Ry, U Ry, and
hence R can also be constructed in NSPACE( f). The same follows for C' = C,UC)y,
and we can conclude that the EDTOL system is constructible in NSPACE(f). U

Before we can start the proofs of Lemma 5.3.5 and Proposition 5.3.7, we need the

concept of a derivation within an EDTOL system.

Definition 5.3.4. Let H = (X, C, w, R) be an EDTOL system accepting a language
L. Let B C End(C*) be an alphabet of R. A derivation of a word u € L is a finite
sequence (w =1y, ..., V, = u) of words in C*, such that there is a finite sequence
(¢1, ..., ¢pn) of elements of B, with ¢1---¢, € R, and v; = wey - - - ¢;. We say the
length of the derivation is n + 1 (the length of the sequence).

Lemma 5.3.5. Let L be a language accepted by an EDTOL system H = (2, C, w, R),
such that every word in L contains precisely one occurrence of the letter # € 3.

Then

1. There is a (#)-separated EDTOL system M that accepts L;
2. If H is ($1, ..., $,)-separated, for some $1, ..., $, € X, then so is M;
3. If H is constructible in NSPACE(f) for some f: Z>o — Z>o, then so is M.

The proof of Lemma 5.3.5 is an induction on the length of derivations of words over
C' that contain the symbol #. Let B C End(C*) an alphabet of R. We replace
symbols ¢ € C' that are mapped to # by endomorphisms in B, and move the # left
within the derivation until # is in the start word. Our strategy is to split H into
finitely many EDTOL systems, whose languages union to make L. Fach of these
languages is constructed to have the property that there is a unique element ¢ € C'

such that c¢ = o#7, for some o, 7 € C* and ¢ in the rational control.

Proof Step 1: Preprocessing.
Let B C End(C*) be an alphabet of R. We will first show that we can assume that
all elements of ¥ are fixed by elements of B. Let A be the set of all letters in X
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not fixed by elements of B. Make a copy ¢, of each a € A, and add each of these
copies to C'. We will initially assume these copies are fixed by elements of B. Define
0 € End(C*) by af = ¢, for all @ € A. Replace each occurrence of each a € A
within the start word with ¢,. Replace each ¢ € B by ¢6. Finally, let ¢» € End(C*)
be defined by c,i0 = a for all a € A, and redefine the rational control to be R.
Now all letters in ¥ are fixed by elements of B. Note that this preserves the fact
that H is ($1, ..., $,)-separated.

We now add a new symbol F' to C, which all elements of B (and therefore R) will
fix. Initially, F' will be unused; c¢ # F' for all ¢ € C, however, we will later modify
‘H, or other EDTOL systems obtained from H to use F'. This letter will be used as a
‘fail symbol’. That is, if ¢ € End(C*) is such that w¢ contains F, for some w € C*,
then for all ¢ € End(C*) such that ¢1) € R, we will have that w¢i) contains F', and
so wo ¢ ¥* and will therefore not be accepted by H.

Step 2: Splitting H into finitely many EDTOL systems.

Suppose ¢ € B is such that there exists ¢ € C and 0, ¢ € End(C*), satisfying
0 € R, co = o#T for some o, 7 € C*, and copp € X*. Let X be the set of all such
¢ € B, and for each ¢ € X, let D, be the set of letters in C'\{#} which ¢ maps to
#. For each ¢ € X, we will define a new EDTOL system H4 as follows. For each
¢ € X, define ¢ € End(C*) by

_ F deD,
dp d ¢ D,

Let Hg be the EDTOL system obtained from #H by replacing each ¢ € X\{¢} with
1. Note that each system Hy is ($1, ..., $,)-separated.

By construction, we have that for all ¢ € X, L(H4) C L. Let w € L. Since endo-
morphisms in B never map # to ¢ (as X is fixed pointwise by every endomorphism
in the rational control), it follows that w can only be derived using a derivation
involving one ¢ € X mapping a letter in C\{#} to # (as w contains precisely one

occurrence of #). Note that the ¢ may occur again within the derivation, but only
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once will it map a letter (other than #) to #. Thus w € H,, and we have shown

L= L(H,).

Step 3: Induction.

Let A be the collection of the EDTOL systems H,. For each G € A, let Cg be the
extended alphabet, Bg be a the alphabet of Rg of G, and let ng be the minimal
length of a derivation of a word over the extended alphabet containing # in G. Let

N = MmaXgeg Ng-

Note that if we redefine A, we will assume n has been updated accordingly. We will
proceed by induction on n. If n = 0, then # appears in the start words of every

G € A, and so there is nothing to prove.

Let £ > 0, and inductively assume that the result holds whenever n < k. Suppose
n = k. Let G € A be such that ng = k. Let ¢ be the unique element of Bg, that
G = Hy. Let W be the set of all ¢ € B, such that di contains a letter in Dy, for

some d € C.

We will redefine the rational control Rg of Hg as follows. Firstly, enlarge Bg by
adding 6, 4 for each ¢ € ¥, where 0y, = ¥¢. Let Ry be the set obtained from Rg
by replacing each occurrence of ¥¢ with 6, 4, for all v € ¥ and ¢ € ®. Note that
this corresponds to finitely many preimages of free monoid endomorphisms, and so

the set Ry is indeed rational. We now redefine Rg to be Rg U Ry.

Note one d € C that was mapped by some ) € ¥ to ocr, for some o, 7 € C* and

¢ € Dy, will now mapped by some 0, 4 directly to p#pu, for some p, p € C*.

We have now reduced ng by 1, however we have potentially broken the hypothesis
that there is a unique endomorphism in Bg that maps some ¢ € Cg to o#7 for any
o, T € C*. We can apply the same process we used to construct the EDTOL systems
Hy from H to G, to create a number of new EDTOL systems, the union of whose
languages will be L(G), but such that for each of these EDTOL systems G’, we have
that ng = k — 1. We can replace G in A with all of these new EDTOL systems.
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Applying this method to all G € A with ng = k, will cause n to equal £ — 1, and so

the result follows by induction.

Step 4: Space complexity.

First note that in the initial system, the length of the shortest derivation of a word
involving # will be at most |C|. As splitting H into the finitely many #, does
not affect this number, we have that n < |C| before any iterations of the induction

hypothesis are applied.

It therefore remains to consider the space complexity of each iteration, along with

the space complexity of splitting into finitely many systems H,.

Starting from #H (or any G € A), constructing the EDTOL systems #,, can be done
as follows. We first compute the set X, which can be done by looking at each
endomorphism in B. Following this, we choose a ¢ € X, and construct H, the same
way we can construct H, except using ¢ instead of ¢ for all ¢ € X\{¢}. This can
be done in NSPACE(f), as we only need to remember X, and |X| < |B|. We then
remove ¢ from X, and continue for each remaining ¢ € X. This can all therefore

be done in NSPACE(f).

We now consider the complexity of the construction in the induction step: replacing
Rg with RgURg. To do this, we simply need that show that regular languages that
are unions of regular languages constructible in NSPACE( f), or preimages of regular
languages under free monoid homomorphisms that constructible in NSPACE( f), are

also definable in NSPACE(f), which follows by Lemma 2.4.3. O

Using Lemma 5.3.1, followed by Lemma 5.3.5 n times (once for each #;), we can

prove the following.

Lemma 5.3.6. Let L be an EDTOL language, such that every word in L contains

precisely n occurrences of the letter #, where n € Z>q. Let f: Z>o — Z>o. Then

1. There is a (#, ..., #)-separated EDTOL system H that accepts L.
2. If an EDTOL system for L is constructible in NSPACE(f), then H is con-
structible in NSPACE(f).
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Proof By Lemma 5.3.1, it suffices to show that

N = {uo#1 - #ntin | wo# - - - #u, € L}

is EDTOL, and the system is constructible in NSPACE(f). The result now follows
by Lemma 5.3.5 used n times (once for each #;). O

We are now able to prove the main result of this section.

Proposition 5.3.7. Let L and M be EDTOL languages, such that every word in
L UM contains precisely n occurrences of the letter #. Let f: Zso — Z>o. Then

1. The language

N = {uovo# - - - #unvn | uo# - - #un € L, vo# - - #v, € M},

is EDTOL;
2. If EDTOL systems for L and M are constructible in NSPACE(f), then an
EDTOL system for N is constructible in NSPACE(f).

Proof By Lemma 5.3.6, we have that L and M are accepted by EDTOL systems
H; and Hys, with start words wo#1 - - - #Fnwyn and vo#1 - - - #aln, respectively, such
that nothing other than #; is mapped to #; within both H; and H,;. Suppose also
that these systems are constructible in NSPACE(f). Let C, and Cj; be the extended
alphabets of H; and H,/, and let ¥ and »,; be the terminal alphabets. Without
loss of generality assume C7\Y¥; and C)/\X ), are disjoint. Let Ry and Ry be the
rational controls, and let By, and Bj; be alphabets of R, and R,;, respectively.

Let ¥ = ¥, U Xy, and let C' = O U Cy,. For each ¢ € By, define ¢ € End(C*) by

cp ce
c c¢Cy.

b=

Define ¢ for each ¢ in B, analogously, and extend the bar notation to composition of

functions, that is, ¢y = ¢ip. Let R = {¢ | ¢ € Ry UR}, and note that R is a ratio-
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nal set. Thus, N is accepted by the EDTOL system (X, C, wovo#1 -+ Fnwnln, R),

as required.

Suppose there exist EDTOL systems for L and M, which are constructible in NSPACE( f).
By Lemma 5.3.6, H and #H,s are also constructible in NSPACE(f). We can con-
struct C' with the memory required to construct Cy; and C. The set {¢ | ¢ € B}
is constructible in NSPACE(f), by following the construction of Ry, but writing a
¢ instead of a ¢, for each occurrence of ¢ € By. By symmetry, {¢ | ¢ € By} is
constructible in NSPACE(f). Since R is the union of these sets, we can construct R

in NSPACE(f) by Lemma 2.4.3. O

5.4 Equations in extensions

This section shows that the class of groups where systems of equations have EDTOL
solution languages is closed under various extensions, including wreath products with
finite groups and direct products. These facts are used in the proof of Theorem 5.6.8

on groups that are virtually a direct product of hyperbolic groups.

We can use Lemma 4.3.11 to show that passing to the Schreier normal form also

preserves the property of being quasi-geodesic.

Lemma 5.4.1. Let G be a group, generated by a finite set X2, H be a finite index
subgroup of G, and T be a right transversal of H in GG, containing 1. Let Z be the
Schreier generating set for H. Fix a normal formn for (G, X). Ifn is quasi-geodesic
with respect to X, then the Schreier normal form with respect to n is quasi-geodesic

with respect to the Schreier generators.

Proof Let ¢ be the Schreier normal form for H, with respect to n. We will show
that the normal form from Remark 4.3.8, inherited from (, is quasi-geodesic. The
result will then follow by the backward direction of Lemma 4.3.11. Since 7 is quasi-

geodesic, there exists A > 0, such that [gn| < A|g|gx) + A for all g € G.

Let £ denote the normal form from Remark 4.3.8, inherited from (, with respect to

the transversal T. Let w € (X%)* be geodesic. We have that there exists v € im7,
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such that v =¢ w, and |v| < AMw| 4+ A. We also have that there exists ¢ty € T" such
that vty represents an element of H. We can then convert this into Schreier normal

form to give a word u. Note that |u| < |vty].

We also have that there exists t; € T', such that ut; =g w. Note that ut; € imé&.

Combining our inequalities that relate u, v and w, gives:

So ¢ is quasi-geodesic, with respect to a constant 2\. The result now follows by

Lemma 4.3.11. O

In order to prove our results about wreath products and direct products, we need

some normal forms on groups made using these constructions.

Remark 5.4.2. Let H;, ..., Hj, be groups, with finite generating sets Xp,, ..., Xg,,
and normal forms ng,, ..., nm,, respectively. Let G = Hle H;. We will use

Y =Yy, U---UXy, as a generating set for G. Define the n: G — (X%)* by

(hh R hk)ﬁ = (hlnfh) T (hank)

Since concatenations of regular languages are regular, if every 7y, is regular, then 7

is a regular normal form.

In addition, the length of any element g € G with respect to X is just the sum of
the lengths of the projection of g to each H;, and from this it follows that if every

nm, is (quasi)geodesic, then so is 7.

Remark 5.4.3. Let H be a group, and K be a finite group. Let X5 be a generating
set for H, and ny be a normal form with respect to Xy. We define a generating set
and normal form for H K, using Xy and ng. Note that H ! K contains [[;_, H; as
a finite index subgroup, where n € Z-, and H; = H for all i. We endow [[_, H;
with a generating set and normal form using Remark 5.4.2. After this, we can use
the generating set and normal form from Remark 4.3.8 for H ! K, with respect the

generating set and normal form of [[}" | H;.

91



Chapter 5: Equations in extensions

Since the two constructions we have used to produce a normal form for H? K preserve
the properties of regular and quasi-geodesic, if ny is regular or quasi-geodesic, then

so is the normal form on H ! K.

We show that the class of groups with EDTOL solutions to systems of equations is
closed under direct products, and wreath products with finite groups. We start with

the latter. We refer the reader to [56] for the definition of a wreath product.

We first consider the properties of the normal forms we will be using.

Lemma 5.4.4. Let H and ny be as in Remark 5.4.3. If ng is regular or quasi-
geodesic, then the normal form on H ! K from Remark 5.4.3 will be regular or

quasi-geodesic, respectively.

Proof Recall that the normal form in Remark 5.4.3 is created by using the normal
form for direct products (Remark 5.4.2), followed by the normal form for finite
extensions 4.3.8. Since both of these constructions preserve the properties regular

and quasi-geodesic, the result follows. O

We can now show that equations in wreath products have the desired properties.

Proposition 5.4.5. Let H be a group such that solutions to systems of equations
with respect to a normal form ng are EDTOL in NSPACE(f), where f: Zso — Z>o.
Let K be a finite group. Then

1. Solutions to systems of equations in H ! K are EDTOL in NSPACE(f), with
respect to the normal form from Remark 5.4.53;
2. If ng 1s regular or quasi-geodesic, then the normal form on H UK will be reqular

or quasi-geodesic, respectively.

Proof First note that (2) follows from Lemma 5.4.4.

Let A be the finite set that K acts on, and define H { K with respect to this action.

Let Hy, ..., H 4 be the isomorphic copies of H. Using Proposition 4.3.9, it suffices

4]

to show that that solutions to systems of Q-twisted equations in G := [[;Z| H, are
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EDTOL in NSPACE(f), with respect to the normal form from Remark 5.4.2, where
Q) is the set of automorphisms defined by permuting the H;s.

Consider a system & of ()-twisted equations in G in n variables. As every element
of G can be written in the form hy --- hj4, where h; € H; for all 7, for each variable
X in £, we can define new variables X; over H; for each i, by X = X;--- X 4. As
the elements of H; commute with the elements of H; for each i # j, we can view
any (untwisted) equation in G as a system of |A| equations in H, each with disjoint
set of variables, by projecting the original equation onto H;. The fact that these
sets are disjoint follows from the fact that the ith equation in the system will be the
projection to H;, whose variables will be of the form X, for some original variable

X.

Let & € Q, and let o € 5, be the permutation induced by the action of ®. Then
X® = (Xq1--Xj4)® = Xi5--- X(ja))o- It follows that any twisted equation in G
can be viewed as a system of |A| equations in H, again using projections to each
H;. The variables of each of the equations will no longer be disjoint, however. It
follows that a system of twisted equations in GG projects to a system of equations in
H. Thus, there exists a system F of equations in H with solution set Sz, such that
F has |A|n variables, and each variable is assigned an index in {1, ..., |A|}, such
that precisely n variables have each index, and such that the solution language of £

is equal to

{1 oy # - #H#op - x4 | (21, -, Tni) € Sr with each variable indexed by ¢ for all 4}.

From our assumptions, we have that the solution language to F is EDTOL, and can

be constructed in NSPACE(f). It follows that the language

L= {ﬁu# oy,

(714, ..., Tn;) € S with each variable indexed by i}

is EDTOL for each choice of ¢, and constructible in NSPACE(f), using Lemma 5.3.1,
and then taking the image under an appropriate free monoid endomorphism with

Theorem 3.3.2. Proposition 5.3.7 then shows that the solution language to &£ is
EDTOL in NSPACE(f). 0J
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We conclude this section with the proof that direct products also preserve the prop-

erty of having EDTOL solution languages.

Proposition 5.4.6. Let f: Z>o — Z>o. Let G and H be finitely generated groups
where solutions to systems of equations are EDTOL in NSPACE(f). Then

1. The same holds in G x H, with respect to the normal form from Remark 5.4.2;
2. If the normal forms on G and H are reqular or quasi-geodesic, then the normal
form on G x H will be reqular or quasi-geodesic, respectively, with respect to

the union of the generating sets for G and H.

Proof Part (2) follows from Remark 5.4.2.

Let ¥¢ be a finite generating set for GG, and Xy be a finite generating set for H.
We will use ¥ = X U Xy as our generating set for G x H. Consider an equation
w=11in G x H. Let X be the set of variables in w. We have that every element
of G x H can be expressed in the form gh for some ¢ € G and h € H. We can
reflect this in the variables as well, by defining new variables X over G and Xy
over H, for each X € X, such that X = XgXpy. Let Xo = {X¢ | X € X}, and
Xy ={Xny| X € X}.

As elements of G commute with elements of H, we can rearrange w = 1 into the
form v¢ = 1, where v € (X5 U XZ)* and ¢ € (X5 U X;)*. Consider a potential
solution (g1hy, ..., gnhy) to w = 1, where each g; € G and each h; € H. We have
that this is a solution if and only if (g1, ..., g,) is a solution to the equation v = 1,
and (hy, ..., hy) is a solution to the equation ¢ = 1. Note that these are equations

in G and H, respectively.

Let £ be a system of equations in G x H. It follows that there exist systems of
equations in G and H with solution sets S¢ and Sy, such that the solution set to £

equals

{(91h1, ceey gnhn) | (91, ey gn) ESG, (hl, ey hn) ESH}

If L5 and Ly are EDTOL solution languages corresponding to these systems in G
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and H, respectively, it follows that the solution language to £ equals

{woro#t - - Fwntn | woFt - - - #wn € La, o# -+ #vn € L}

The result now follows by Proposition 5.3.7. O

5.5 Recognisable constraints and finite index sub-

groups

This section is used to show Proposition 5.5.3, that is, that the class of groups where
systems of equations have EDTOL solutions is closed under passing to finite index
subgroups. We use recognisable constraints to show this fact, by first proving that
the addition of recognisable constraints to a system of equations with an EDTOL
solution set does not change the fact that the solution set is EDTOL with respect to
the ambient normal form of the group. We can then use the fact that finite index
subgroups are recognisable, however the resulting language will be expressed as
words over the generators for the ambient group. Expressing solutions to the finite
index subgroup as words over one of its own generating sets, such as the Schreier

generators, requires additional arguments.

We start by showing that the addition of recognisable constraints to systems of
equations in a group preserves the property that all such systems have EDTOL

solution languages.

Proposition 5.5.1. Let G be a finitely generated group such that solutions to sys-
tems of equations are EDTOL in NSPACE(f) with respect to some normal form n,
where f: Z>o — Z>o. Then solutions to systems of equations in G with recognisable

constraints are EDTOL in NSPACE(f), with respect to n.

Proof Let X be a finite generating set for G, and fix a normal form 7 for (G, %)
such that solution languages to systems of equations are EDTOL. Consider a system

of equations £ with recognisable constraints in G with n variables. Let Ry, ..., R,
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denote the constraints. Let L be the solution language to £ with the constraints

removed. Let 7: ¥* — G be the natural homomorphism. Note that

S = (R ) #(Rom V)4t - - (R )

is a regular language. By Theorem 3.3.2, LN S is EDTOL, and if an EDTOL system
for L is constructible in NSPACE(f), then one for L N S is also constructible in
NSPACE(f). As L NS is the solution language to &, the results follow. O

Since finite index subgroups are examples of recognisable sets, we can show the

following.

Lemma 5.5.2. Let f: Z>y — Z>o. Let G be a finitely generated group where
solutions to systems of equations are EDTOL in NSPACE(f), with respect to some
normal form n, and let H be a finite index subgroup of G. Let £ be a system of

equations i G. Then

1. the language of all solutions to & that lie in H forms an EDTOL language,
with respect to the normal form n restricted to H;

2. The EDTOL system for this language is constructible in NSPACE(f).

Proof In order to restrict our solutions to H, we add the constraint that every
variable lies in H, which is a recognisable subset of G. The results now follow from

Proposition 5.5.1. O

Proposition 5.5.3. Let f: Z>o — Z>o. Let G be a group where solutions to systems
of equations are EDTOL in NSPACE(f), with respect to a normal form n. Then the
same holds in any finite index subgroup of G with respect to the Schreier normal

form, inherited from 7.

Proof Let X be a finite generating set for G, T' be a right transversal for H, and
Z be the Schreier generating set for H. Let ¢ be the Schreier normal form for H.

Fix a system & of equations in H. This can be considered as a system of equations

in GG, with the restriction that the solutions must lie in H. Let L be the solution
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language to £ when expressed as words over G using the normal form 7; that is

L=A{(gim)# - #(g.n) | (91, ..., gn) is a solution to £}.

Note that we require that solutions lie in H, as £ is a system over H. By Lemma
5.5.2, L is an EDTOL language over an alphabet ¥. Let H = (X, C, w, R) be an
EDTOL system for L that is constructible in NSPACE(f). Let B C End(C*) be the
alphabet of R.

By Lemma 5.3.6, we can assume our start word is of the form w# - --#w,. By
adding new letters 1, --- 1, to C, and preconcatenating the rational control by the
endomorphism defined by 1;— w; for all 7, we can assume our start word is of the
form 1, #---# 1,. Note that as we can easily construct our new start word from

our existing one, this will not affect space complexity.

We will construct a new EDTOL system from H. Our extended alphabet will be

letters in C transversal element ¢t € T'. Define
Cind:{ct’a | CEC, tGT, CLGXi}U{J_l, e J—n}

Our alphabet will be Yi,q U {#} = {a"® | a € X%, t € T} U {#}. Our start word
will be 11 #---4# 1,. We define our rational control as follows. For each ¢ € B,
define @4 to be the set of all ¢ € End(C} ) such that

e = :l?tll’bl N 'szk’bka
where ¢p = xq - - - 23, with every z; € C, each t; € T, t; = t, and t;b; = tiv1. Let Ry
be the rational set obtained by replacing each occurrence of ¢ € B with the finite
set ®,. Let ¢y be the unique element in 7'M H. Let ¥ C End(C;,) be the set of all
1 defined by
Ligp =1,

for some ay, ..., a, € X*. Define G = (Sijnq, Cina, L1 #---# L,, YRy). By
construction, G accepts words in L, where each letter, excluding #, has an index

(t,a) € T x X*, and such that for each indexed word w = a}"™ ---a}**™*, the
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following hold:

1. tl = to;

2. tiai = th'Jrl for all 1.

To show that the solution language to £ is EDTOL with respect to (, it remains to
apply the free monoid homomorphism 0: 3%, — (Z% U {#})* to L(G), defined by

—1
at® — atat .

It now remains to show that this EDTOL system can be constructed in NSPACE( f).
By Theorem 3.3.2, applying the homomorphism 6 does not affect the space com-
plexity, so it is sufficient to show that G is constructible in NSPACE(f). The number
of indices we use is 2| X ||T'|, which is constant, as it is based only on the group H. It
follows that we can write down Cj,q and ¥i,q in NSPACE(f). The set U is again only
based on |X|, and so to show our rational control is constructible in NSPACE(f), it

suffices to prove that R, is.

Note that |®4| is again only based on |X||T|, and so is constant. We construct
R, by proceeding with the procedure we used to construct R, except whenever we
would add an edge labelled ¢ € B between two states, we add edges labelled with
all of ®, between the same states. We can compute ®, each time we need it, so we
need only record the information we used to construct R. We can conclude that G
is constructible in NSPACE(f), and so the language of solutions to £ is EDTOL in
NSPACE(f). O

5.6 Virtually direct products of hyperbolic groups

In this section, we show that solution languages to systems of equations in groups
that are virtually direct products of hyperbolic groups are EDTOL. We adapt the
method that Ciobanu, Holt and Rees use to show that the satisfiability of systems
of equations in these groups is decidable [22]. For an introduction to hyperbolic

groups, we refer the reader to [56], Chapter 6.
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We start with some lemmas needed to prove this result. The following lemma
gives an embedding as a finite index subgroup of a group that is virtually a direct
product of hyperbolic groups, into a direct product of groups where equations are

better understood.

Lemma 5.6.1 ([22], Lemma 3.5). Let G be a group that contains a group of the
form K1 x --- x K, as a finite index normal subgroup, such that every conjugate of

each of the subgroups K; lies in the set {Ky, ..., K,}. Then

1. If the groups K; are all conjugate to each other, then G is isomorphic to a
finite index subgroup of JU P, where J = Ng(Ky)/(Ky X --- X K,,) contains a
finite index subgroup isomorphic to Ky, and P is finite;

2. Suppose K1, ..., K} are representatives of the conjugacy classes of K1, ..., K,
within G. Then G is isomorphic to a finite index subgroup of a direct product
Wy x -« x Wy, where W; = J; U P;, J; contains K; as a finite index subgroup,
and P; is finite, for all 1.

We define a normal form for groups that are virtually direct products.

Remark 5.6.2. Let G be a group that has a finite index subgroup of the form
K, x -+ x K,. Fix a finite generating set Xg,, and normal form ng, for each K;.
Using Lemma 5.6.1, G embeds as a finite index subgroup of Wy x --- x Wy, where

W; = J; U P;, K; embeds as a finite index subgroup of J;, and P; is finite.

e We start by defining a generating set and normal form for each J;. Since J;
contains K; as a finite index subgroup, we can use the generating set and
normal form from Remark 4.3.8, induced by X, and ng,. We will denote this
generating set and normal form using X ;, and 7, respectively;

e Using ¥;, and 7,,, we can use the generating set and normal form defined
in Remark 5.4.3 to define a normal form for each W; = J; ! P;. Using these
generating sets and normal forms, Remark 5.4.2 gives us a generating set A
and a normal form p for Wy x - -+ x Wy

e As G embeds as a finite index subgroup of W; x --- x Wy, we can use the

Schreier generating set Z and normal form ¢ on G, induced by A and pu.
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Lemma 5.6.3. Let G be a group that has a finite index subgroup of the form Ki x
- X Ky, and let ng, be defined as in Remark 5.6.2. Let ¢ be the normal form on
G from Remark 5.6.2. If each ng, is reqular or quasi-geodesic, then ¢ is reqular or

quasi-geodesic, respectively.

Proof Since each of the constructions we have used to create ( preserve the proper-
ties of being regular and quasi-geodesic (Lemma 5.2.6, Remark 5.4.2, Lemma 5.4.4,
Lemma 4.3.11, Lemma 5.4.1), if every 7k, is regular or every 7k, is quasi-geodesic,

then ¢ will be regular or quasi-geodesic, respectively. U

We now use Lemma 5.6.1 to show that the group that is virtually a direct product
has an EDTOL solution language, subject to conditions on the groups it is virtually

a direct product of.

Proposition 5.6.4. Let G be a group that contains a group of the form Ky x---x K,
as a finite index normal subgroup, such that every conjugate of each of the subgroups

K; lies in the set {Ky, ..., K,}. Let f: Zso — Z>o.

1. If solutions to systems of equations are EDTOL in NSPACE(f) in each group
in FIN(K;), with respect to a normal form ng,, then solutions systems of equa-
tions in G are EDTOL NSPACE(f), with respect to the normal form ( from
Remark 5.6.2;

2. If all the normal forms used in the groups in FIN(K;) are regular or quasi-

geodesic, then ¢ will be reqular or quasi-geodesic, respectively.

Proof By Lemma 5.6.1, we have that G embeds as a finite index subgroup into
Wi x -+« x Wy, where W; = J; U P; for finite index overgroups J; of K;, and finite
groups P;. By Lemma 5.5.3, it suffices to show that solutions to systems of equations
are EDTOL in NSPACE(f) in W; x --- x Wy. The fact that solutions to systems
of equations are EDTOL in NSPACE(f) in each of the groups W; follows by our
assumptions, together with Proposition 5.4.5. We can then use Proposition 5.4.6 to

show that the same holds in Wy x --- x W,.

Part (2) follows from Lemma 5.6.3. O
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We now apply Proposition 5.6.4 to the specific case when the groups in the direct
product comprise one virtually abelian group, and other non-elementary hyperbolic

groups.

Lemma 5.6.5 ([22], Proposition 4.4). Let A be a virtually abelian group, and let
Hy, ..., H, be non-elementary hyperbolic groups. Let G be a group with a finite
index subgroup H that is isomorphic to Ax Hy x---x H,. Then G has a finite index
normal subgroup isomorphic to Bx Ky x ---x K,,, where B is a finite index subgroup
of A, and each K; is a finite index subgroup of H;, such that every conjugate of each
of the subgroups K; lies in the set {Ky, ..., K,}.

We finally need the fact that languages of solutions to systems of equations in

hyperbolic groups are EDTOL.

Lemma 5.6.6 ([19]). Solutions to a system of equations in any hyperbolic group
are EDTOL in NSPACE(n*logn), with respect to any finite generating set, and any
quasi-geodesic normal form. If the hyperbolic group is torsion-free, the solutions are

EDTOL in NSPACE(n?logn).

We are now in a position to show that groups that are virtually direct products of
hyperbolic groups have EDTOL languages of solutions. Since every hyperbolic group
admits a regular geodesic normal form, if these normal forms are used to induce the
normal forms in the hyperbolic groups, then the normal form in the virtually direct

product will be quasi-geodesic and regular.

Remark 5.6.7. In the following theorem, our groups are constructed from virtually
abelian groups and other groups. As such, we are measuring our input size using
equation length, not virtually abelian equation length. However, we will continue to
use space complexity results from Chapter 4 that use virtually abelian length. This
is okay, since virtually abelian equation length is approximately the log of equation
length, and so the actual space complexity will be at least as small. It is possible that

the space complexity will be a smaller than stated, but it will still be polynomial.

Theorem 5.6.8. Let G be a group that is virtually A x Hy X --- X H,, where A is

virtually abelian, and Hy, ..., H, are non-elementary hyperbolic. Then

101



Chapter 5: Equations in extensions

1. Solutions to systems of equations in G are EDTOL in NSPACE(n*logn), with
respect to the normal form ¢ from Remark 5.6.2;

2. If, in addition, all of the groups H; are torsion-free, then the solutions are
EDTOL in NSPACE(n?logn);

3. The normal form ( can be chosen to be quasi-geodesic and reqular.

Proof We have from Lemma 5.6.5, that G has a finite index subgroup isomorphic
to B x K1 x --- x K,, where B is a finite index subgroup of A, and each K; is
a finite index subgroup of H;, such that every conjugate of each of the subgroups
K; lies in the set {Kj, ..., K,}. We have that B is virtually abelian and the
groups K; are non-elementary hyperbolic. Thus, all groups in FIN(B) are virtually
abelian, and all groups in FIN(K;) are hyperbolic for each i. We can equip each
of these with a regular quasi-geodesic normal form. Theorem B and Lemma 5.6.6
imply that solutions to systems of equations are EDTOL in NSPACE(n*logn) in all
of these groups. The result then follows from Proposition 5.6.4. O

We can reformulate Theorem 5.6.8 in the following way.

Corollary 5.6.9. Let G be a group that is virtually a direct product of hyperbolic
groups (resp. torsion-free hyperbolic groups). Then the solutions to systems of equa-
tions in G are EDTOL in NSPACE(n*logn) (resp. NSPACE(n?logn)), with respect
to the normal form from Remark 5.6.2, which can be constructed to be quasi-geodesic

and regular.

As dihedral Artin groups are virtually a direct product of free groups, we have the
following result. Note that the generating set and normal form will not be the
standard Artin group ones; they are derived by taking the Schreier generators with
respect to some finite index overgroup. As with Theorem 5.6.8, we can choose the
regular geodesic normal forms for the free groups that dihedral Artin groups are
virtually a direct product of, to give a regular quasi-geodesic normal form for these

dihedral Artin groups.

Corollary 5.6.10. The solutions to systems of equations in dihedral Artin groups
are EDTOL in NSPACE(n?logn), with respect to the normal form from Remark

5.6.2, which can be constructed to be quasi-geodesic and reqular.
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Proof This follows from Corollary 5.6.9, together with the fact that dihedral Artin

groups are virtually direct products of free groups (Lemma 5.2.2). O

Remark 5.6.11. The generating set and normal form from Remark 5.6.2 will be the
Schreier generating set and normal form inherited from some finite index overgroup.
This will not (necessarily) be a ‘sensible’ generating set and normal form for groups
that are virtually a direct product of hyperbolic groups, or any of the standard

normal forms used in dihedral Artin groups.

It is easy to change the generating set whilst preserving the property of EDTOL
solutions. To add a (redundant) generator a, one can use the existing normal form,
which never uses a, and so the solution language will be unchanged. To remove a
redundant generator b, one can apply the free monoid homomorphism that maps
b to some word w, over the remaining generators and inverses, that represents b,
to the solution language to remove all occurrences of b. Applying the free monoid

U after this, will give a new solution language,

homomorphism that maps b™' to w;,
with b removed from the generating set. As images of EDTOL languages under
free monoid homomorphisms are EDTOL, this new solution language will also be

EDTOL.

Changing the normal form is more difficult. Section 5 of [19] contains a success-
ful attempt at this for hyperbolic groups, which uses Ehrenfeucht and Rozenberg’s
Copying Lemma [40]; a common tool used to show preimages of EDTOL languages
under free monoid homomorphisms are EDTOL in certain cases, along with a re-
sult about languages of quasi-geodesics in hyperbolic groups. Languages of quasi-
geodesics in virtually abelian groups are not so well behaved, and any attempt to
show that alternative normal forms work in many of the groups considered here will

need an alternative approach.

103



Chapter 6

Equations in the Heisenberg group

6.1 Introduction

This chapter is based on the author’s work [66].

We consider single equations in the Heisenberg group in one variable. The fact that
satisfiability of equations with one variable in the Heisenberg group is decidable
was first shown by Repin [81]. We show that the solutions to these equations,
when written as words in Mal’cev normal form are EDTOL, with an EDTOL system

constructible in non-deterministic polynomial space.

Whilst this is only a ‘partial result’ towards understanding solution languages to
equations in nilpotent groups, there are few cases in nilpotent groups in which the
satisfiability of even single equations is decidable. Duchin, Liang and Shapiro [34]
showed that the satisfiability of a single equation in a class 2 nilpotent group with a
virtually cyclic commutator subgroup is decidable, however Roman’kov showed that
this is not the case for general class 2 nilpotent groups [84]. Duncan, Evetts, Holt and
Rees recently released some partial results about equations in solvable Baumslag-
Solitar groups [36], although this remains the only other attempt at showing solution
languages to equations are EDTOL in groups that are not non-positively curved.
Duchin Liang and Shapiro also showed that the satisfiability of systems of equations

in the Heisenberg group is undecidable. Thus the only ways of generalising this
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result within nilpotent groups is to increase the number of variables, or generalise
to more class 2 nilpotent groups. Doing either of these would require understanding

solutions to quadratic equations in the ring of integers in arbitrarily many variables.

Theorem 6.6.5. Let L be the solution language to a single equation with one vari-
able in the Heisenberg group, with respect to the Mal’cev generating set and normal

form. Then

1. The language L is EDTOL;
2. An EDTOL system for L is constructible in NSPACE(n®(logn)?), where the
input size is the length of the equation as an element of H(Z) x F(X).

Proving Theorem 6.6.5 involves reducing the problem of solving one-variable equa-
tions in the Heisenberg group to describing solutions to two-variable quadratic equa-
tions in the ring of integers. This uses a similar construction to the method of
Duchin, Liang and Shapiro, which was used to show that the satisfiability of single
equations in any class 2 nilpotent group with a virtually cyclic commutator subgroup
is decidable [34]. The proofs that many nilpotent groups have an undecidable satis-
fiability of equations involve reducing the question to systems of quadratic equations
in integers ([83], [50], [34]). Then Matijasevic’s result that the satisfiability of sys-
tems of quadratic equations in integers is undecidable [72] can be applied. Duchin,
Liang and Shapiro’s positive result involves reducing the problem to single quadratic
equations in integers, and then applying Siegel’s result that the satisfiability of such
equations is decidable [91].

Despite the extensive use EDTOL languages have had in describing solutions to
group equations, there have been no attempts to describe solutions to equations in
the ring of integers using EDTOL languages, other than linear equations, which are
just equations in an abelian group. In order to make progress studying equations in
the Heisenberg group, we will have to first learn to what extent EDTOL languages
can be used to describe solutions to quadratic equations in the ring of integers. Our
result for equations in the Heisenberg group involves reducing to the two-variable

case of quadratic equations in integers.
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Theorem 6.5.15. Let
aX?+ BXY +9Y? + 56X + €Y +( =0 (6.1)

be a two-variable quadratic equation in the ring of integers, with a set S of solutions.

Then

1. The language L = {a*#bV" | (x, y) € S} is EDTOL over the alphabet {a, b, #};
2. Taking the input size to be max(|a|, |5], |7, 19], lel, |C|), an EDTOL system
for L is constructible in NSPACE(n*logn).

We prove this theorem using Lagrange’s method. This involves reducing an arbitrary
two-variable quadratic equation to a generalised Pell’s equation X? — DY? = N.
This again reduces to Pell’s equation X? — DY? = 1, the set of solutions of which
is well-understood. The reduction involves writing solutions to the two variable

, where (z, y) is a solution to some

quadratic equation (6.1) in the form /\z+sy+£

computable Pell’s equation, and A, u, &, n € Z with n # 0 are all computable.

Showing that the set of solutions to Pell’s equation can be expressed as an EDTOL

language is not too difficult. However, studying requires more work, par-

Az+py+E€
7
ticularly when the signs of A, p and & are not all the same, or when || > 2. To
deal with the division, we use the concept of #-separated EDTOL systems, first

introduced in [65], and work in the world of EDTOL languages.

Understanding Ax + py + &, when A, p and & are not all the same sign is more
difficult to resolve by manipulating EDTOL systems. This is because we represent
the integer n by a™; that is a word of length n comprising n occurrences of the letter
a (when n > 0) or n occurrences of the letter a=' (when n < 0). Adding 4 to —2

4a~2, which is not equal as

corresponds to concatenating a* with a=2, resulting in a
a word to a?. We cannot simply ‘cancel’ as and a~'s either; in general the language
obtained by freely reducing all words in an EDTOL language is not EDTOL (it need

not even be recursive). Therefore, we work with facts about the solutions themselves
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to show that for fixed integers A, p and &, the set
{Az + py + €| (o, y) is a solution to X* — DY? =1}

is sufficiently well-behaved that we can describe it using an EDTOL language. We

can then apply our method for the ‘division’ to obtain the desired language.

We cover the preliminaries of the considered topics in Section 6.2. In Section 6.3,
we prove our result about ‘division’ of EDTOL languages by a constant that is a key
part of the proof that the solutions to two-variable quadratic equations in the ring
of integers are EDTOL, which appears in Section 6.5. In Section 6.4, we study the
solutions to Pell’s equation, and their images under linear functions. The proof of the
fact that solutions to two-variable quadratic equations are EDTOL involves reducing
to the case of Pell’s equation. This reduction is contained in Section 6.5. Section
6.6 includes the reduction from equations in the Heisenberg group to quadratic
equations in the ring of the integers, and the proof that single equations in one

variable in the Heisenberg group are expressible as EDTOL languages.

6.2 Preliminaries

6.2.1 Nilpotent groups

We start with the definitions of a nilpotent group and the Heisenberg group. For a

comprehensive introduction to nilpotent groups we refer the reader to [23].

Definition 6.2.1. Let G be a group. Define ~,;(G) for all i € Z-( inductively as

follows:

n(G) =G

’YZ(G) == [G, 'Yz—l(G)] for ¢ > 1.

The subnormal series (v;(G)) is called the lower central series of G. We call G
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nilpotent of class c if v.(G) is trivial.

Definition 6.2.2. The Heisenberg group H(Z) is the class 2 nilpotent group defined
by the presentation

H(Z)=(a, b, c|c=]a, b], [a, c]=1[b, ¢] =1).

Note that whilst the generator ¢ is redundant, it is often easier to work with the

generating set {a, b, ¢} than {a, b}.

The Mal’cev generating set for the Heisenberg group is the set {a, b, c}.

6.2.2 Mal’cev normal form

We now define the normal form that we will be using to represent our solutions. This

is used in [34], and we include the proof of uniqueness and existence for completeness.

The following facts about commutators in class 2 nilpotent groups will be used to

induce the methods for ‘pushing’ bs past as in the Heisenberg group.

Lemma 6.2.3. Let G be a class 2 nilpotent group, and g, h € G. Then

1. [g7" b =1g, h],
2. [g7" k] =g, B]7".

Proof For (1), since commutators are central,
™", K = ghg™*h™" = ghg™'h™ghh™'g™" = ghlg, h]h""g~" = [g, hlghh™"g~" =g, h].
Similarly, for (2), we have

97", Kl =gh g th=gh g hgg " =glg, K] 'g " =gg '[9, h]" =g, A"

Using Lemma 6.2.3, we now have a number of useful identities for ‘pushing’ as past
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bs in expressions over the Mal’cev generating set.

Lemma 6.2.4. The following identities hold for the Mal’cev generators of the Heisen-
berg group:

Proof We have

ba = abb~'a"'ba = abc
ba~ ' =atbb taba ! = a7 tbb, a7 = a the?
b la=ab tba b la =ab b7, a] = ab et

blat=a v bab et =a” I, a7 =a b e

The following lemma allows us to define the Mal’cev normal form for the Heisenberg
group.

Lemma 6.2.5. For each g € H(Z) there exists a unique word of the form a't/c*

that represents g, where v, j, k € Z.

Proof Existence: Let w € {a, b, ¢, a™', b™', ¢71}*. To transform w into an
equivalent word in the form a’b’c*, first note that c is central, so w is equal to uct,
where u € {a, b, a™!, b™'}*, and k € Z, which is obtained by pushing all ¢s and
c~!s in w to the right, then freely reducing. We can then look for any bs or b~!s

1

before as or a™'s, and use the rules of Lemma 6.2.4 to ‘swap’ them, by adding a

commutator.
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After doing these swaps, we can push the ‘new’ c¢s and ¢~ !s to the back, to assume
our word remains within {a, b, a™', b='}*({c}*U{c'}*). By repeating this process,
we will eventually have no more as or a~'s occurring after any b or b=!, and so will

be in the form a’t/c*, where i, j, k € Z.

Uniqueness: Suppose i1, 42, j1, j2, k1, ko € Z are such that a’bj,c* =H(Z) a’2bi2ckz,

Then
1 = a"bjic™ (a™bcF2)~!
— a ek oke iz g2
— g iz gtz ki—ke
— aila*lé bjl*ch*h(jl*jQ)Ckl*kQ
— gtz o2 (1 —j2) ki —ke

As 1 lies in the commutator subgroup, we have that the above word lies in (c).

But since ¢ commutes with a and b, @'’ € (c) if and only if : = 7 = 0. Thus

k1—k2 - Since this is a

11 — 1o = j1 — jo = 0. It follows that the above word equals ¢
freely reduced word in (c) as a power of ¢, this represents the identity if and only if

ki — ko = 0. Thus k; — ko = 0, and the two words represent the same element of

H(Z). 0

Definition 6.2.6. The Mal’cev normal form for the Heisenberg group is the normal
form that maps an element g € H(Z) to the unique word of the form a’t’c*, where

i, J, k € Z, that represents g.

6.2.3 Equations in the ring of integers

We briefly define an equation in integers.

Definition 6.2.7. An equation in the ring of integers is an identity (X1, ..., X,,)f =
0, where (Xi, ..., X,)f € Z[Xy, ..., X,] is a polynomial. The indeterminates
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X1, ..., X, are called variables. An equation is called quadratic if the degree of
(X1, ..., X,,)f is at most 2.

A solution to an equation (Xi, ..., X,)f = 0 in the ring of integers is a ring
homomorphism ¢: Z[X;, ..., X,| — Z that fixes Z pointwise, and such that
(X1, ..., Xp)fo=0.

A system of equations in integers is a finite set of equations. A solution to the system

is any ring homomorphism that is a solution to every equation in the system.

When we create algorithms that take equations in integers as input, we will explicitly

state the size of the input.

Remark 6.2.8. As with group equations, we will usually use a tuple (z1, ..., x,)
rather than a ring homomorphism ¢: Z[X;, ..., X,] — Z. The homomorphism
¢ can be obtained from the tuple by defining X,¢ = xz; for all ¢, and n¢ = n for
all n € Z. Since ¢ is a ring homomorphism, the action of ¢ on the remainder of

Z[ X1, ..., X,]is now determined.

6.2.4 Solution languages

We now define an analogous notion for systems of equations in the ring of integers.
We pick a letter as a generator, and write the non-negative integer n as this letter
to the power of n. For negative integers, we introduce an ‘inverse’ of this letter, and

express each n < 0 as the inverse letter to the power of |n|.
Definition 6.2.9. Define u: Z — {a}* U {a™'}* by nu = a™

Let £ be a system of equations in the ring of integers, with variables Xy, ..., X,.

The solution language to £ is the language

{(X1)ou# - (X,)op | ¢ is a solution to £}

over {a, a~t, #}.

111



Chapter 6: Equations in the Heisenberg group

6.3 ‘Dividing EDTOL’ languages by a constant

The purpose of this section is to show that given an EDTOL language where all
words are of the form a'#0’, ‘dividing’ the number of as and the number of bs in a
given word by constant values, and removing all words that are not divisible yields
an EDTOL language. We proceed in a similar fashion to the arguments used in [65],
Section 3, using #-separated EDTOL systems, however the argument for ‘dividing’

1S new.

The concept of #-separated EDTOL systems was used in [65] to show that solution
languages to systems of equations in direct products of groups where systems of
equations have EDTOL solution languages are also EDTOL. We use a slightly dif-
ferent definition here: we only need a single # rather than arbitrarily many, so our
definition is less general, and we also insist that the start word is of a specified form.
The latter assumption does not affect the expressive power of these systems; pre-
concatenating the rational control with an appropriate endomorphism can convert
a #-separated system with an arbitrary start word into one with a start word of the

form we use.

Definition 6.3.1. Let X be an alphabet, and # € ¥. A #-separated EDTOL system
is an EDTOL system H, with an extended alphabet C, a terminal alphabet > and a
start word of the form 1, # Lo, where 1, Lo€ C\{#}, and c¢ = # if and only if

c = #, for every ¢ € C, and ¢ in any fixed choice of alphabet of the rational control.

For space complexity purposes, we will need bounds on the size of extended alpha-
bets, and the size of images of letters under endomorphisms in the rational control
in many of the EDTOL systems we use. We define the term g-bounded to capture
this.

Definition 6.3.2. Let H = (X, C, L, # Lo, R) be a #-separated EDTOL system,
and let g: Z>y — Z>o be a function in terms of a given input size /. Let B be an

alphabet of R. We say that H is g-bounded if

L |Cl < (D)g;
2. max{|cp| | c€ C, ¢ € B} < (I)g.
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We will need the fact that the class of languages accepted by #-separated EDTOL
systems is closed under finite unions, with space complexity properties being pre-

served when taking these unions.

Lemma 6.3.3. Let L and M be languages over an alphabet 3, accepted by #-
separated EDTOL systems H and G, that are both g-bounded and constructible in
NSPACE(f), for some f, g: Z>o — Z>o. Then

1. There is a #-separated EDTOL system F for L U M ;
2. The system F is constructible in NSPACE(f);
3. The system F is (2g + 2)-bounded.

Proof Let H= (%, C, Ly #$;, R) and G = (X, D, Ly #35, S). Let By and By
be the alphabets of R and S, respectively. We can assume without loss of generality
that endomorphisms in By U By fix elements of ¥, and also that C\Y¥ and D\X are

disjoint.

Let L and $ be symbols not already used, and let £ = C U D U {L, $}. For
each ¢ € By, define ¢ to be the extension of ¢ to E by d¢ = d for all d € E\C.
Similarly extend each ¢ € By to ¢ € End(E*) by c¢ = c for all ¢ € E\D. Define
01, 02 € End(E*) by

1y e=1L 1y c¢c=1
cth = $1 =9 cty = $ ¢c=$
¢ otherwise, ¢ otherwise.

By construction, LUM is accepted by the #-separated EDTOL system F = (X, E, L
#3, 07R U 6,S).

Note that #; and 65 can both be constructed in constant space, and thus the rational
control of F is constructible in NSPACE(f). The start word is constructible in
constant space. As a union of C' and D with a constant number of additional

symbols, E can be constructed using the same information required to construct C'

and D, and is thus constructible in NSPACE(f).

We have that |E| = |C| + |D| + 2, and so is bounded by 2¢g + 2. In addition,
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B = B UByU{0;, 6}, and so max{|co| | c € E, ¢ € B} =max(g, 2) <2¢g+2. O

We can now prove the central result of this section, about ‘division’ of certain EDTOL
languages by a constant. To show the space complexity properties, we need the
EDTOL system we start with to be exponentially bounded by the space complexity

in which is can be constructed. We will use the following notation:

Notation 6.3.4. Let X be an alphabet, a € X, and w € ¥*. Define #,(w) to be

the number of occurrences of the letter a within w.

Lemma 6.3.5. Let X C Z2 be such that for each x, y € Zxq there is at most one
x' € Zso such that (z, 2') € X, and at most one ' € Z>o with (v, y) € X. Let
v, C € Z be non-zero. Let

L= {a"#" | (x, y) € X}.
1. If L is EDTOL, then so is the language
Log={a"#b | (2, y) € X, 7z, Cly};

2. If L is accepted by a #-separated EDTOL system H = (X, C, 11 # Lo, R)
that is exp(f)-bounded and constructible in NSPACE(f), where f: Zsy — Z>g
is at least linear, then L., is accepted by an EDTOL system that is constructible

in NSPACE(fgh), where g is linear in ||, and h is linear in |(].

Proof We will use H to define an EDTOL system for
M = {aPT#6" | (z, y) € X, 7l}.

Firstly note that if |y| = 1, then M = L, and thus M is accepted by H, which
satisfies the conditions in (2). So assume |y| > 2. Let ¢ and $ be symbols not
already used. Let ¢” be a distinct copy of ¢ for each ¢ € C and v € {¢, $}*. Let
Cind = {ev | v e e, $}*, lv] < |y|} UCU{F}, where F is a new symbol. We will

use F' as a ‘fail symbol’.
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Let B C End(C*) be the alphabet of R. For each ¢ € B, the finite set ¢4 C
End((C™4)*) of all ¢ € End((C™4)*) is defined as follows. If v € {¢, $}* satisfies
lv] < |v|, and ¢ € C is such that c¢ = dy---d,, withn > 1, dy, ..., d, € C (in
particular, c¢¢ # €), then

¢ =dit o dy,

for some ay, ..., a, € {¢, $}* such that |a;| < |y for all i, and one of the following
holds:

1. #‘38(051 e 'an) = #$(V>7 and #¢<O‘1 o 'C“n) = #¢<V)>

2. #ts(ar - apn) = #s(v) + 1, and #¢(041 Cay) = #¢(V> + [y -1
If cp = ¢, then
o — F v#e
€ v=c¢.

In addition, v fixes F', and acts the same way as ¢ on letters in C'. We define @,
to be the set of all endomorphisms 1) satisfying these conditions, and let R be the
rational set of endomorphisms defined by replacing each occurrence of ¢ within R

with ®@4. Now define § € End((C™4)*) by

c ceX,v=_%§
= e ceEX, v=¢ Fo=F, cd = c for all c € C.

I otherwise,

Let G = (X, O, 1,# 1,, RA). By construction, any word in 1R either contains
an F', or is a word in 1 ; R with hats on letters and indices that concatenate to form
a word v € {¢, $}* of length n|y| for some n € Zsg, with #¢(V) =n(|]y| — 1), and
#s(v) = n. Thus the set of words in 11RO NS equals {a™ | (z, y) € S, v|z}. Tt
follows that G accepts M.

We now consider the space complexity in which G can be built. Firstly, note that to
output C™! we simply need to output (2"+1 —1) (the number of words of length at
most |y| over a two letter alphabet) additional copies of C, plus the letter F'. Doing
this simply requires us to track the copy we're on, and since log(2/"+1 — 1) is linear

in ||, this can be done in NSPACE(f). The start word can be output in constant
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space.

We now consider the rational control. To construct R, we need to follow the process
to construct R, except we need to construct ®, whenever the finite-state automaton
for R constructs ¢. Let ¢ € &4, and note that if ¢ € C'and v € {¢, $}* is such that

|v| < |v|, then there are at most
(max{|cp| | c € C, p € BHY < (max{|ey| | c € C, ¢ € B})N
possible values that ¢“1 can take. As a result,
1] < (max{leg| | c € C, o € BYP-|C]- (21— 1),
Thus
log |®y| < [y[log(max{|cp| | c € C, ¢ € B}) +1og|C| + (Jy| + 1) log 2.

To construct ®,, we simply need to store the information required to construct ¢,
together with a counter to tell us how many ¢ in ®4 we have already constructed.
Since log |®,| is bounded by fg for some linear function ¢ in |y|, we can construct
®,, and hence R in NSPACE(fg). As 6 can be constructed in constant space, it
follows that the rational control, and hence G, can be constructed in NSPACE(fg).

To see that the language accepted by G is in fact M, first note that for any ¢ € R,
116 will be obtained from a word L ¢, for some ¢ € R by attaching k(|y| — 1) ¢
indices and & $ indices, for some k € Z>,. This will only be accepted if (L # L
)¢ € ¥*, and every letter in L; ¢ has precisely one index on it. In such a case,
| Ly ¢| = k|| (in fact | Ly ¢| = a**11), and precisely k of these letters will be
indexed by $, the rest being indexed by ¢. Hitting such a word with 6 will delete all
letters indexed with a single ¢, and map the $-indexed as to a and $-indexed a~'s

to a !, leaving the word a™#bY to be accepted. Thus M is accepted by G.

We now show that
N ={a"#W | (z, y) € X, 1|z}
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is accepted by an EDTOL system, constructible in NSPACE(fg). Note that if v > 0,
then M = N, and there is nothing to prove. Otherwise, v < 0. Define 7© €
End((C™)*) by ar = a~!, a~'mr = a and all other letters are fixed by 7. Then
(¥, O 1, # 1, ROm) accepts N, as we have just flipped the sign of the as
in M. Moreover, as G is constructible in NSPACE(fg), so is our system for N. In
addition, the stated bounds on the size of the extended alphabet and the images of

endomorphisms of G hold for our system for N as well.

To obtain an EDTOL system for {a” #b¢ | (z, y) € X, |z, |y} from N, we simply
apply the same method we used to obtain N from L, except modifying 1, and b,
rather than 1, and a. ]

6.4 Pell’s equation

The purpose of this section is to study solutions to Pell’s equation, which eventually
allows us to show that the solution language to a quadratic equation in the ring of

integers is EDTOL.

We start with a lemma that shows languages that arise as part of recursively defined
integer sequences with non-negative integer coefficients are EDTOL. We will later

show that solutions to Pell’s equation are of this form.

Lemma 6.4.1. Let (pn)n>0, (Gn)n>0 and (1,)n>0 be integer sequences, defined recur-

siely by a relation
Pn = Q1Pn- 11T Q2Gn 11+3T -1, Gn = B1Pn—1+P2Gn-1+83Tn—1, Tn = N1Pn-1+720n-1173Tn—1

where ay, ag, as, Bi, B2, B3, 71, Y2, 13 € Lxo. Suppose also that py, qo, 1o € Zxo
or Do, Qo, To € Z<p. Then

1. The language L = {aP™ | n € Z>o} is EDTOL;
2. Takmg the anu’t size to be [ = maX(ala G2, (a3, Bh ﬁ27 637 Y1, Y25 V3, Pos qo, TO))
an EDTOL system H for L is constructible in non-deterministic logarithmic

space;
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3. The system H s f-bounded for some linear function f;
4. The rational control of H is of the form 0p*y, and L Op™p = aP*, where L is
the start word of H.

Proof We will define an EDTOL system to accept L. Let ¥ = {a, a™'}. Our
extended alphabet will be C' = X U {a,, a;l, aq, a;l, a., a;', 1}, and our start
word will be L. Define § € End(C*) by

a’alla;® c=1

ch =

c otherwise.

Define ¢ € End(C*) by

+1 _ ial iﬁl i’}/l
Clp Y = &p Gq a,.

+1, _ _foaos, EPB2,,E72
aq @Y = CLp a/q CLT

+1,  _ dasz, B3, 3
a, Q= ap U,q a,.

and fix all other letters. Finally, define ¢» € End(C*) by

1, 41
a, ¥ =a

+1 +
0y =afy =¢,

and all other letters are fixed. Our rational control will be 8p*.

First note that u =1 6" contains either a, or a, ! but not both, and the same holds

-1

. > and a, and a_ 1. So we can abuse notation and take the definition

for a, and a
of #,, when applied to such a word to be #, (u) if u contains an a,, —#a;1 (u) if u
contains an a,; ! and 0 if it contains neither. We similarly abuse notation with H#a,

and #,,.

We will show by induction that u =1 ™ satisfies #,,(u) = pn, #a,(¥) = ¢n, and
#4,(u) = 7,. This holds by definition for n = 0. Inductively suppose it is true for

-1 —1* :
ag, a;", ar, a, }*, with

some k — 1. Then L 0o = u, for some u € {a,, a;* .

p
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H#a, (W) = Dr—1, #a,(u) = qu_1, and #,,(u) = r4_1. Using the definition of ¢, and

our inductive hypothesis we have

H#a, (up) = Oél#ap(u) + Qatfq, (u) + asFq, (u) = Q1pr—1 + Q2qr—1 + Q3Tk—1 = Dy,
#a,(wp) = Br#a, (u) + Botta, (u) + B3#a, (0) = Bipr—1 + BoGr—1 + B37k—1 = Qi
H#a, (Up) = NFta, (1) + Yota, (1) + V3Fa, (U) = ViDk—1 + Volh—1 + V3Th1 = T

It now follows that L 6¢") = aP», and thus (1) and (4) are true.

We now show that the EDTOL system (X, C, L, f¢*) is constructible in non-
deterministic linear space. Writing down Y, C, ¢ and the start word can be done
in constant space. Writing down # can be done by remembering pg, qo and ry, and
thus can be done in non-deterministic logarithmic space, since storing an integer r
requires log(r) plus a constant bits. It remains to show that ¢ can be defined in
non-deterministic logarithmic space. To write down ¢, we simply need to know the
coefficients «;, f; and ; for i € {1, 2, 3}. Since these can all be stored using log «;,

log B; and log~y; bits, respectively plus constants, (2) follows.

Finally note that |C| = 8, which is constant. In addition, |cy|, for ¢ € C, is bounded
by a linear function of the values «;, §; and v;, |c0| < po+ qo + 70, and |cp| < 1. We

have now shown (3). O

To show that the solution language to a general quadratic equation in two variables is
EDTOL, we follow Lagrange’s method to reduce it to the generalised Pell’s equation,
and then to Pell’s equation. This reduction is detailed in [89]. We start with the

definition of Pell’s equation.

Definition 6.4.2. Pell’s equation is the equation X2 — DY? = 1 in the ring of the
integers, where X and Y are variables, and D € Z+ is not a perfect square. The
fundamental solution to Pell’s equation X2 — DY? = 1 is the minimal (with respect

to the ¢! metric on Z?) non-negative integer solution that is not (1, 0).

The solutions to Pell’s equation have long been understood. The following lemma
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details one of several ways of constructing them.

Lemma 6.4.3 ([4], Theorem 3.2.1). There are infinitely many solutions to Pell’s
equation X*—DY? = 1, and these are {(z,,, yn) | n € Z>o}, where (xg, yo) = (1, 0),

and (Tn, yn) is recursively defined by
Ty = T1%p—1 + DY1yn—1, Yn = Y1Tn-1 + T1Yn-1,

where (x1, y1) is the fundamental solution.

We give an explicit example of Pell’s equation and its solutions.

Example 6.4.4. Consider Pell’s equation X2 — 2Y? = 1. It is not hard to check
using brute force that the fundamental solution is (3, 2) (although there are more
efficient methods of doing this: see for example [4]). Thus by Lemma 6.4.3, we
can construct the set of all solutions using the sequence (x,, v,) C Z?2, defined

recursively by (xg, yo) = (1, 0), and
Ty =3Tp_1+ 4yn—17 Yn = 22,1+ 3yn—1-

At this point, we could just apply Lemma 6.4.1 and Theorem 3.3.2 to show that
the language {a"#a¥ | (x, y) € Z%, is a solution to X* — 2Y? = 1} is EDTOL,
however we will explicitly construct an EDTOL system. Our extended alphabet will
be C = {ay, Gy, ay, ay, a, #} and our start word will be a,#a,. Let ¢ € End(C*)
be defined by

32 ~-3 2

azp = a,a, azp = a,a,

_ =43 -3

ayp = 0,0, Qyp = 0,0,
ap =a #p=#
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Figure 6.1: Rational control for L = {a*#a" | (z, y) € Z2, is a solution to X? —
2Y? = 1}, with start state gy and accept state q;.

Define 6 € End(C*) by
az0 = a0 = all = a
ay0 = a0 = ¢
#0 = #.

Our rational control will be ¢*# (alternatively, see Figure 6.1). Recall that for any
word w and letter b, we use #(w) to denote the number of occurrences of b within
w. By construction, #,, (a,#a.90") = #a, (aa#0.0") = x, and #, (a,#a,0") =
#a, (A, #0,0") = Yn, and thus a,#a,0"0 = a™ #a’".

In addition to the recursive structure of all solutions, we need a bound on the size of
the fundamental solution. This allows us to give a bound on the space complexity

in which the EDTOL system can be constructed.

Lemma 6.4.5 ([63], Section 3). Let (x1, y1) be the fundamental solution to Pell’s
equation X?> — DY? = 1. Then

log(z1 + VD) < VD(log(4D) + 2).

Understanding solutions to arbitrary two-variable quadratic equations using La-
grange’s method requires us to have an understanding of the images of the solu-
tions to Pell’s equation under linear functions: that is ax + By + ~ for constant
a, B, 7 € Z, where (x, y) is a solution. If «, 5 and = are either all non-negative

or all non-positive, this corresponds to concatenating EDTOL languages in parallel,
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which is not too difficult using standard EDTOL constructions.

On the other hand, if the signs of these three integers are not all the same, more
work needs to be done. This occurs because we represent the integer n € Z by
a™, where a is a letter. Thus if we want to ‘add’ —3 and 5, this corresponds in
language terms to trying to concatenate a=® and a®, which results in a=3a®, which
is not equal (as a word) to a®. One cannot, in general, freely reduce all words in an
EDTOL language to form an EDTOL language. There are in fact cases where such
a reduction will result in a language that is not recursive; that is a language which
is not accepted by a Turing machine, or whose complement is not accepted by a

Turing machine.

To tackle the harder cases presented to us by ‘subtraction’, we instead study the
integer sequences themselves, and show they satisfy recurrence relations that can be

used to define EDTOL systems.

Lemma 6.4.6. Let (z,,), (yn) C Z>o be sequences of solutions to Pell’s equation
X2 —DY? =1. Let o, 8 € Z>g. Let (z,) C Z be the sequence defined by z, =
ax, — Byn. Then, for alln € Zso

1. x, =2x12,_1 — Tp_o;

2. Yn = 2x1yn—1 — Yn—2;

3. 2, = 2X12p—1 — Zn—a.

Proof We will proceed by induction on n to show (1) and (2). First note that

22191 — Yo = T1y1 + Y11 = Yo.

Additionally,

2x121 — 1o = x7 + (27 — 1) = 2} + Dy; = .
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Thus (1) and (2) hold when n = 2. Suppose the result holds when n = k. Then

Try1 = 217k + Dyrye
= 1122121 — Tp—2) + Dy1 (271981 — Yr—2)
= 2z (11261 + Dyryr—1) — (21212 + Dy1yr—2)
= 2012 — Th—1-
Ye+1 = Y10k + T1Yk
= 4120121 — Tp—2) + T1(221Y—1 — Y—2)
= 221 (Y1%x—1 + T1Yk—1) — (Y1 Tk—2 + T1Yk—2)
= 221Uk — Yk—1-

It remains to show (3). We have, using (1) and (2),

Zn = Qy — Byn
= (22121 — Tp—2) — B(221Yn—1 — Yn—2)
=221 (p—1 — BYp—1) — (0Tp—2 — BYn—2)

= 2X12n—1 — Zn—2.

Using Lemma 6.4.6, we can now prove some results about the sequence (z,) that

show that it is indeed a type of sequence as mentioned by Lemma 6.4.1.

Lemma 6.4.7. Let (z,,), (yn) C Z>o be sequences of solutions to Pell’s equation
X2 —DY? = 1. Let o, 8 € Z>g. Let (z,) C Z be the sequence defined by z, =

ax, — By,. Then

1. If N = (log2 %-‘ , then (zn)n>N C Zso or (2n)n>n C Zco;
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2. The sequence (wy)n>1 C Z defined by w,, = z, — z,—1 satisfies for alln € Zss,
2y = (201 — 1)2p_1 + Wy, Wy, = (201 — 2)2p—1 + Wy—1;

3. If (zn)n>n is a sequence of non-negative integers then (wy),>y 15, and if
(zn)n>N 1S a sequence of non-positive integers then (wy)n>n 1S;

4. The sequence (wy),>N 1S monotone;

5. Ify € Z and M = {log2 %—‘, then (zn + V)n>m, (Wn +Y)n>m € Zso or
(zn + Vnzm, (Wn +V)nzm € Zeo.

Proof We start by showing (1). Let v = \%. Then, if n € Z>,

Zn = QTy — PBYn = X, — 7\/53/”.
We have that z, > 0 if and only if z,(vyx, + a\/ﬁyn) > (. Note that

20 (Y20 + @V Dy,) = (azn — vV Dyn) (v, + oV Dy,
= owxi + a2\/5xnyn — 72\/5xnyn — owDny
= ay(z2 — Dy2) + V Doy, (a® — 7%)

= ay + \/533nyn(052 - 72)

If a > v, the above expression must be at least 0, so z, > 0 for all n € Z>, and

there is nothing to prove. Otherwise, suppose v > «, and write v = a + 9 for some

6 > 0. Then

20(Y2n + aVDy,) = ay + VDz,y,(a® — %)
=a(a+0)+ \/Exnyn(QQ — (@ +4)?)

= a? + ad — VD, (6% + 2a6).

124



Chapter 6: Equations in the Heisenberg group

It follows that z, < 0 if and only if o + ad — vV Dz,yn (6% + 2a6) < 0. That is,

a® + ad
VD(82 + 2a6)

TnYn >

Noting that z,, and y, are both strictly increasing, and if n > 1, x,y, > 1, it suffices
to find N € Z-( such that if n = N the above inequality holds. By Lemma 6.4.3, we

have that z,, > xyx,_1 and y,, > 21y,_1, and so x,y, > xf"‘lyl. Noting that z; > 2

N 2 2
and y; > 1, it follows that x,y, > 2". Note that % = % = O‘jg“s > \/ﬁozéj—fgaé)’ and

so choosing N = [log2 %W will satisfy the stated conditions.

For (2), let n € Z>5. Then, using Lemma 6.4.6,

Zn = 2T12n1 — Zn—2 = (221 — 1)zn_1 + w1

Wiy, = Zp — Zn—1 = 2T12p—1 — Zn—2 — Zn—1 = (201 — 2)2p_1 + Wy_1.

We now show (3). As with our proof of (1), let v = \%. Then, for all n € Z,

Wy = 221 = QT =Y DY —Zn 147V DYt = (0 —20-1) =YV D(Yn—Yn-1)-

Since z,, and y, are both strictly increasing, w,, > 0 if and only if wy, (y(x, —x,_1) +

a\/ﬁ(yn — Y1) > 0. Let u, = wp(vy(z, — xp1) + a\/ﬁ(yn — Yn_1)). Write
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vy = (% = Y)VD(xy — Tp—1)(Yn — Yn_1). We have
tn = (a(2n = Tn1) = YWD (Yo = Y1) (V@0 — 2n1) + VD (Y — Yn1))

= (0 = 201) = D = 40-1)*) + (% = V)V D0 — 201 (4 — Y1)
= ay(z) — 22,21 + 25y — Dy + 2Dyayu—1 — Dy _y) + vy
= ay((z2 — Dy2) + (22, — Dy> ) + 2Dynyn_1 — 2T,Tp_1) + Up
= 20y(1 + DYn¥n—1 — Tnn-1) + Un
=201+ D(y1%n—1 + T1Yn-1)Yn-1 — (T1Zn—1 + DY1yn—1)Tn_1) + vn
= 20y(1 + Dy 1yn—1 + Drryl | — 2125 — Dyayn 12n-1) + n
=2ay(1+ Dry?_ | — 122 ) + v,
= 2ay(1 - xl(xi—l - Dyi—ﬂ) + Un
=2av(1 —1) 4 v,
= (0 =Y )VD (2 = 20 1) (Y = Y 1)-

Note that (a? — Y*)VD(xp — Tn_1)(Yn — Yn_1) > 0 if and only if o > ~; that is
%\/5 > 1. As we saw in the proof of part (1), %\/B > 1 implies (z,)p>n IS a
sequence of non-negative integers, and %\/5 < 1 implies (2,)n>n is a sequence of

non-positive integers, as required.

For (4), we show (w,,),>n is monotone. First note that (wy,),>ny and (z,),>n are
both sequences of non-negative integers or sequences of non-positive integers. In
addition, w, = w,_1 + 2212,—1 for all n € Z-y. So if n € Zsy, then |w,| =
|wy—1| 4+ |2212n-1| > |wp_1]. As (wp)n>n is a sequence of non-negative integers or a

sequence of non-positive integers, it must be monotone.

We finally consider (5). It suffices to show that |zp/| > |y| and |wp| > |7], then
together with the fact that M > N, and using the fact that (z,),>ny is monotone
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by (3), and w, is monotone by (4), we have that (z,)n,>n and (wy,),>n are both
sequences of non-positive or non-negative integers. We know that |z, | > 2" and
w, > 2"2 using (2), together with the fact that x; > 1, and so 2x;—1 > 2, so taking
any M > N + log,(|y| + 2) suffices. As N = [log2 %—‘, taking M = [log2 W—‘,

as per the statement of the lemma, satisfies the desired condition. U

Before we apply Lemma 6.4.1 to show that some of these solution languages are

EDTOL, we need to add constants to the differences of multiples of solutions.

Lemma 6.4.8. Let (x,), (yn) C Zso be sequences of solutions to Pell’s equation
X?2—DY?=1. Let a, € Z>o and v € Z. Let (2,), (t,) C Z be sequences defined
by z, = ax, — By, and t,, = z, +y. Then

1. The sequence (Sp)n>1 C Z defined by s, = zp—2zn_1+7y satisfies for alln € Z>s,
ty = (221 — 1)2p—1 + 81, Sp = (201 — 2)2p_1 + Sn_1;

2. Ify€Z and M = {log2 %W, then (tp)n>m € Zso or (tn)n>m € Z<o;
3. If (tn)n>nm is a sequence of non-negative integers then (Sp)n>ar and (2n)n>nr
are, and if (t,)n>n @S a sequence of non-positive integers then (S,)n>n and

(Zn)n>nr are;

Proof We start with (1). Let w, = 2z, — 2,_1, for all n € Z-,. If n € Z-, then

using Lemma 6.4.7

tn = 2n +7
=(2r1 — Dzp 1 +wpq1+7
= (2x1 — Dzp1 + Sn_1,

Sp = Wy, + 7Y
= (221 — 2)zp1 + W1+
= (221 —2)zp_1+ Sp_1-
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Parts (2) and (3) follow by Lemma 6.4.7 (5). O

To allow us to show space complexity properties, we need bounds of many of the

integers we have introduced.

Lemma 6.4.9. Let S be the set of all non-negative solutions (as ordered pairs)
to Pell’s equation X?> — DY? = 1. Let o, B € Zso and v € Z, and M =
max (2, [log;2 WD Let z, = ax, — By, and t, = z, + v for all n € Z>y.

Let w, = z, — z,_1 and s, = wy, + v for alln € Z~y.

Then there is a function f that is logarithmic in «, B and ||, and a function g that
is linear in D, such that log(xyr), log(yar), log|za|, log|wasl, log |ta| and log |sy|

are all bounded by fg.

Proof Lemma 6.4.6, together with the fact that (z,) is strictly increasing, im-

plies that @, < (22,)" for all n > 1. Thus 2y < (2a1)™ = (2a) [ 751 =

log, (l+2)a
{W-‘ xl( 2F 1 Using Lemma 6.4.5, we have that

log(x) < log [MW + [logQ (bl +3)e

g 5 W tog(1)

< log(a + 1) + log(|y| +4) + log(8 + 1) + (log(cr + 1) + log(|y| + 4) + log(8 + 1))VD

< (log(a+ 1) + log(|y| +4) + log(5 + 1))(2+ 3D).

Since yy < xp, we have that log(yys) is also bounded by (log(a + 1) + log(|y| +
4) +log(B +1))(2+3D).

Let n > 1. Then, using the fact that ax, and 5(y, + 1) are both at least 1, we have
log ’Zn’ = log ‘awn - ﬁyn‘
= log(a) + log(y) + log(B) + log(yn + 1)

< log(a) + log(z,) + log(3) + log(y,) + 1.

Using the fact that 2, and y), are bounded by (log(a + 1) + log(|y| 4+ 4) + log(8 +
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1))(2 4+ 3D), we now have that zy; < 2(log(a + 1) 4+ log(|y| + 4) + log(8 + 1))(2 +
3D) + log(a) + log(5) + 1.

We have that wy, = 2py—2p—1. Noting that M —1 > 1, 21 < xp and yyr—1 < yar,
it follows that

log |was| = log |zar — 2p-1]
< log |zum| + log |zar-1]

< 2log(a) + 2log(p) + 4(log(a + 1) + log(|y| +4) +1log(B+1))(2+3D)(2+ 3D) + 2

Since ty; = zpr + v and sy = wys + 7y, we have that ¢, and sy, are bounded by the

same expressions as zy; and wy, if ¥ = 0. Otherwise,

log |tar| < log |zas| 4 log ||
< 2(log(a + 1) + log(|y| + 4) + log(B + 1))(2 4+ 3D) + log(a) + log(3) + 1 + log(|v|),
log |sar| < log |way| + log |7

< log(a) + 2log(B) + 4(log(ar + 1) + log(|y| + 4) + log(B + 1))(2 + 3D) + 2 + log |7|.

Taking f = 4(log(a + 1) + log(|y| +4) + log(8 + 1)) + 2 and g = 2 + 3D, the result
follows. U

We have now completed the set up to show that the solution language to Pell’s equa-
tion is always EDTOL. More than that, we can show that applying linear functions
to the variables will still give this outcome. We need the bounds on the size of our
extended alphabet and images of endomorphisms so that we can apply Lemma 6.3.5

later on.

Lemma 6.4.10. Let S be the set of all non-negative solutions (as tuples) to Pell’s
equation X?> — DY? =1, and o, 8, 7, 8, €, ( € Z. Then

1. The language L = {a®*TPvtv4poeteste | (v y) € S} is EDTOL;
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2. A #-separated EDTOL system H for L is constructible in NSPACE(fg), where
f is logarithmic in max(|«|, |8, ||, 19], |€], [C]), and g is linear in D;
3. The system H is hyha-bounded, where hy is linear in max(|a|, |B|, |7, |9], |el, I<]),

and hs s exponential in D.

Proof Let 2, = az, + By, and t,, = 2, + 7 for n € Z>¢, and s,, = 2, — 2,—1 + for
n € Zso. Let M, = max (2, [log2 %—D, M = max (2, {log2 WW), and
M = max(M,, M¢). We will first construct an EDTOL system for

K= {(Itn | n e ZZM)}

Ifa<0and 8 >0,or a>0and 8 <0, Lemma 6.4.8 tells us that the sequences
(tn)n>ms (Zn)n>ar and (s,)n>ar satisfy the conditions of Lemma 6.4.1, and thus K

is accepted by an EDTOL system H = ({a, a7}, C, L, o).

If & and 8 are both non-negative or non-positive, then

Zn = (1T 1+ DY1Yn—1)+ B (Y1 Tn_1+21Yn—1) = (ax1+LBy1)xn_1+(aDy1+Lx1)Yn-1.

This, together with the recurrence relations in Lemma 6.4.3, gives that (2,)n>ar,
(@n)n>n and (Y, )n>ar satisfy the conditions of Lemma 6.4.1, and so in we also have

in this case that L is accepted by an EDTOL system H = ({a, a™'}, C, L, Op*9).

We next consider the space complexity in which H can be constructed. By Lemma
6.4.5, log(z1) and log(y;) are both bounded by 2 + 3D. By Lemma 6.4.9, log(zxs),
log(yar), log |z, log |tar| and log |sy| are all bounded by fg, where f is logarithmic
in |af, |5], |v| and ||, and g is linear in D. Thus we can use Lemma 6.4.1 (2) to
say that H is constructible in NSPACE(fg). We also know from Lemma 6.4.1 (4),
that |C| and max{|co| | c € C, ¢ € {¢, 6, p}} are both bounded in terms of an
exponential function of fg. Thus |C| and max{c¢ | c € C, ¢ € {1, 0, ¢}} are both
bounded by hihy where hy is linear in ||, |3], |7| and |{|, and hy is exponential in

D.

Let z, = dx + ey andfnzén—l—CfornEZzo, and §, = 2, — 2,1 + ( for n € Z~,.
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With the same arguments we used to show K is accepted by H, we have that
{bfn | n e ZZM}’

is accepted by an EDTOL system H = ({b, b~'}, D, $, op*r). In addition, ¥
is constructible in NSPACE(f§), and |D| and max{|c¢| | ¢ € D, ¢ € {o, p, 7}}
are both bounded by illilQ, where f and hy are logarithmic and linear respectively
in |8], |e|, |y| and [¢|, and § and hy are linear and exponential respectively in D.
Redefining f, g, h1 and hs to be the sum of themselves and their hatted versions,
gives that both # and # are constructible in NSPACE(fg). In addition, |C|, |D],
max{|co| | c € C, ¢ € {¢, 0, ¢}} and max{|co| | ¢ € D, ¢ € {0, p, T}} are all
bounded by hihs.

Without loss of generality, we can assume that C' and D are disjoint, and # ¢ C'UD.
For each endomorphism ¢ € {v, 0, o, o, p, 7}, let ¢ € End(C U D U {#})* be
defined to be the extension of ¢ to C'U D U {#} which acts as the identity on

wherever it was not previously defined on. It follows that
P = {at”#bf" | n € ZZM}
is accepted by the #-separated EDTOL system G = ({a, a™*, b, b}, #}, CUDU

{#}, L#8, Go(pp) o).

Since H and H are constructible in NSPACE(fg), so is G. In addition, |CUDU{#}|
is bounded by hihy + 1, and max{|cp| | c € CUDU{#}, o € {¢, 0, ¢, o, p, T}}
is bounded by hihs. Redefining hs to be hy + 1, gives that G satisfies all of the

conditions of the lemma.

We now consider the language

Q= {a"#b" |nef0, ..., M—1}}

Note that using Lemma 6.3.3, it now suffices to show that @) is accepted by a #-
separated EDTOL system that is constructible in NSPACE(fg), and whose extended

alphabet and images of letters under endomorphisms in the alphabet of the rational

131



Chapter 6: Equations in the Heisenberg group

control are bounded by hqhs.

Let E = {1y, Lo, a, a™, b, b=', #}. We will use F as our extended alphabet, and

11 # 1 as our start symbol. For each n € {0, ..., M — 1}, define 7, € End(E")
by
a» c=1,
cTp =14 bin c=1,

¢ otherwise.

It follows that @ is accepted by the #-separated EDTOL system

F = ({CL, CL_17 b7 b_17 #}7 E7 L1 #L% {7T07 ER) 7TM—I})'

Note that ty = o + 7, ty = 6 + ¢. Thus log|te| and log|ty| are both bounded by a
logarithmic function f; in terms of |a|, |B], |7], |0], || and |(]. By redefining f to be
f+ f1, we have that log |t,| and log |fo| are bounded by fg. In addition, log |¢y/| and
log |t] are both bounded by fg. Since (¢,) and (f,) are monotone, and terms are
effectively computable by Lemma 6.4.8, each 7, can be constructed in NSPACE(fg).

As F and 1; # 1, are constructible in constant space, it follows that F is also

constructible in NSPACE(fg).

We have that |to| and |fo| are bounded by a linear function f3 in terms of |a/, ||,
7], |6], |e| and |¢|. By redefining hy to be hy + f3, we have that [to|, |tol, |tas| and
|tas| are all bounded by hyhs, and thus max{|er;| |c € E, i € {0, ..., M —1}} and
|E| are both bounded by hihs. O

6.5 Quadratic equations in the ring of integers

Having completed the work on Pell’s equation, we now consider more general quadratic
equations in the ring of integers, working up to an arbitrary two-variable equation.
Our main goal is to show that the solution language to an arbitrary two-variable
quadratic equation is EDTOL, with an EDTOL system that is constructible in non-

deterministic polynomial space. We start with the general Pell’s equation.
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Definition 6.5.1. A general Pell’s equation is an equation X2 — DY? = N in the
ring of integers, where X and Y are variables, N € Z\{0} and D € Z~( is not a

perfect square.

A non-negative integer solution (z, y) to the general Pell’s equation X2 — DY? = N
is called primitive if ged(z, y) = 1.

Before we can generalise Lemma 6.4.10 to a general Pell’s equation, we first generalise
it to the primitive solutions to a general Pell’s equation. The following result allows
us to construct primitive solutions to a general Pell’s equation from the solutions to

the corresponding Pell’s equation, and a given primitive solution.

Lemma 6.5.2 ([4], Section 4.1). Let (xq, yo) be a primitive solution to the general
Pell’s equation X? — DY? = N. Let (u,, v,) be the sequence of solutions (as
described in Lemma 6.4.3) to U* — DV? = 1. Define ((zn, Yn))n C Z3, by

Ty = ToUp + Dyovna Yn = YolUpn + ToUp.

Then (x,, yn) is a primitive solution to X? — DY? = N for all n € Z>o.

We will put an equivalence relation on the set of primitive solutions to a general
Pell’s equation. This will allow us to consider one class at a time, then use Lemma

6.3.3 to take the union.

Definition 6.5.3. Let (z, y) and (2/, 3’) be primitive solutions to the general
Pell’s equation X? — DY? = N. If there exists a primitive solution (zg, yo) such
that (z, y) = (Tm, ym) and (', V') = (2, yn), for some m, n € Z (using the
construction in Lemma 6.5.2), we say (x, y) and (2', y') are associated with each

other.

Lemma 6.5.4. Association of primitive solutions to a general Pell’s equation is an
equivalence relation.

Equivalence classes of primitive solutions, which we will call classes, have a notion

of a fundamental solution, similar to the fundamental solution to Pell’s equation.
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Definition 6.5.5. The class of a primitive solution (z, y) of a general Pell’s equation

is the equivalence class of all primitive solutions associated with (x, y).

The fundamental solution of a class of primitive solutions to a general Pell’s equation

is the minimal element of the class.

We will need the following bounds for the space complexity results.

Lemma 6.5.6 ([4], Theorem 4.1.1 and Theorem 4.12). Let (zo, yo) be the fun-
damental solution of a class of primitive solutions to the general Pell’s equation

X? — DY? = N. Let (uy, v1) be the fundamental solution to X?> — DY? = 1. If

N >0, then
N 1 VN
OS:COSHM, 0<yogvl—_
2 2U1+1)

If N <0, then

Since the size of fundamental solutions to a general Pell’s equation is bounded, there

can only be finitely many, and hence only finitely many classes.

Lemma 6.5.7. There are finitely many classes of primitive solutions to a general

Pell’s equation.

We now show that the results stated in Lemma 6.4.10 hold for primitive solutions
to a general Pell’s equation. We use the characterisation in Lemma 6.5.2 to reduce

the problem to Pell’s equation, and then apply Lemma 6.4.10.

Lemma 6.5.8. Let S be the set of primitive solutions to the general Pell’s equation

X2 - DY?=N,anda, B, v, 6, ¢, ( €Z. Then

1. The language L = {a®=+PvHv4ppoetevte | (. y) € S} is EDTOL;

2. A #-separated EDTOL system H for L is constructible in NSPACE(fg), where
f is logarithmic in max(|c|, |5], |v], 0], |el, ||, |NV|, D), and g is linear in
D.

)
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3. The system H is hihs-bounded, where hy is linear in max(|al, |5|, ||, ||, |€l, |

and ho is exponential in D.

Proof Since finite unions of EDTOL languages are EDTOL, and the properties in
(2) and (3) are preserved (Lemma 6.3.3), using Lemma 6.5.7 it is sufficient to show

that for any class of primitive solutions K, the language
M = {a*™HITHpTr ] (2, y) € K}

is accepted by an EDTOL system that satisfies the conditions (2) and (3). Let
((tn, vn))n be the sequence of non-negative integer solutions to X — DY? = 1. Let
(o, Yo) be the fundamental solution in K. Then we can write elements of K as
(Tn, Yn), where

Ty, = TolUy + Dyovp, Yn = YoUn + ToUn,

for some n € Z>(. For any n € Z>o,

Ly, + Byn + 7= O‘(:L‘Oun + Dyovn) + B(QOUn + xovn) + v
= (awo + Byo)un + (aDyo + Bo)vs + 7,
02y + €yn + ¢ = 0(xoun + Dyovy) + €(youn + zovy) + ¢

= (dzo + €yo)un + (0 Dy + €xg)vy, + C

Note that, by Lemma 6.5.6 and Lemma 6.4.5

1 N 1
log(zg) = 5 log (%) <log(N) +log(u; +1) <2+ 3D + log(N),

log(yo) < log(v1V'N) < 2+ 3D + log(N).
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Thus

log |20 + €yo| < log(|6](xo + 1)) + log(le[(yo + 1))
< log |6] + log €] + log(o) + log(yo) + 2
<log |0] + log|e| + 2 4+ 6D + 2log(N),
log |6 Dy + exo| < log([0]D(yo + 1)) + log([e[(zo + 1))

< log || + log |€e| + log(D) + log(xo) + log(yo) + 2.

Note that the above inequalities also hold with ¢ replaced by «, and € replaced by
(. The result now follows from Lemma 6.4.10. 0

We now consider all solutions to a general Pell’s equation. We start with a reduction

from a non-primitive solution to a primitive solution.

Lemma 6.5.9. Let (z, y) € Z2,, and let k = ged(x, y). Then (z, y) is a solution

to the general Pell’s equation X* — DY? = N if and only if K*|N, and (%, %) is a

primitive solution to the general Pell’s equation X? — DY? = kﬂ?

Proof We have 22 — Dy? = N if and only if

ORI

It is now possible to generalise Lemma 6.5.8 to all solutions to a general Pell’s

equation.

Lemma 6.5.10. Let S be the set of all solutions to the general Pell’s equation
X?2—-DY?=N,anda, B, v, 6, ¢, (€Z. Then

1. The language L = {a®*+Pv+74p0r+v+C | (1, y) € S} is EDTOL;
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2. A #-separated EDTOL system H for L is constructible in NSPACE(fg), where
f is logarithmic in max(|a|, |5], |v], 0], |el, ||, |NV|, D), and g is linear in
D;
3. The system H is hiho-bounded, where hy is linear in max(|c|, |8|, |v], 6], |el, [CI, IN|, D

and ho is exponential in D.

Proof First note that the following are equivalent:

-~ W o=

Since we can use Lemma 6.3.3 to take finite unions of EDTOL languages, and preserve

space complexity of EDTOL systems, it therefore suffices to show that
M = {a®PyFr o=t vtC | (1 ) € is a non-negative integer solution to X*—~DY? = N}

is accepted by an EDTOL system that satisfies (2) and (3). Using Lemma 6.5.9,
all non-negative integer solutions to X? — DY? = N are of the form (zk, yk)

where (z, y) is a primitive solution to X — DY? = & for some k such that k| N.

Moreover, if (z, y) is a primitive solution to X* — DY? = &, then (zk, yk) is a

solution to X2 — DY? = N. We will therefore show two claims:

1. The language M, = {a®k*+Pky+rrpdkateky+C | (1 9)) is a primitive solution to X%—
DY? = %} is EDTOL for all k € Z-; such that k?|N;

2. The union of the languages M} is EDTOL, and accepted by a #-separated
EDTOL system H that satisfies (2) and (3);

3. The extended alphabet and endomorphisms in ‘H satisfy the conditions in (3).

Since M equals this union, the result follows.

First note that if k € Z>, is such that k?| N, then k < N. Thus log(ak) = log(a) +
log(k) < log(a) 4 log(NV). If we use 3, § or € in place of «, this inequality will still
hold. Thus the first claim follows from Lemma 6.5.8.
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For the second claim, we can apply Lemma 6.3.3 repeatedly, once for each k € Z>,
such that k?|N. We need to do this for all such k. This could be done by cycling
through all k € {2, ..., N — 1}, checking if k?| N, and then applying the lemma in
those cases. We would need to store the ‘current’ k to do this, which would use at

most log(V) bits.

Before attempting to tackle the general two-variable quadratic equations, we men-
tion the result we can obtain so far for a general Pell’s equation. The space complex-
ity in this case is log-linear, which is better than the log-quartic space complexity

we have for arbitrary two-variable quadratic equations.

Proposition 6.5.11. The solution language to the general Pell’s equation X? —
DY? = N is EDTOL, accepted by an EDTOL system that is constructible in non-

deterministic log-linear space, with max(D, |N|) as the input size.

Proof This follows by first taking « = § =6 =€ =1 and 7y = ( = 0 in Lemma
6.5.10, and then applying a free monoid homomorphism that maps b to a, using

Theorem 3.3.2. 0

In order to understand the solutions to a generic two-variable quadratic equation,
we must first know the solutions to the equation X2 + DY? = N, where N, D € Z.
Whilst we have considered the ‘hardest’ case of D < 0, —D non-square and N # 0,

it remains to consider the remaining cases. We start with the case when D > 0.

Lemma 6.5.12. Let S be the set of all solutions to the equation X?> + DY? = N,
with N € Z, D € Z>y, and o, B, vy, 0, €, ( € Z. Then

1. The language L = {a®*TPvtv4poeteste | (. y) € S} is EDTOL;
2. A #-separated EDTOL system H for L is constructible in NSPACE(f), where
f is logarithmic in max(|«|, |B, ||, 191, le], [C], |N], D);
3. The system H is h-bounded, where h is linear in max(|«|, |8, |v], 9], |€], ||, |N|, D).
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Proof If N < 0, there is nothing to prove, as the equation has no solutions. So
suppose N > 0. Then all solutions (x, y) to this equation satisfy |z| + |y| < N.
Let (z, y) be such a solution. Then {a®* Py H74pe v ¢l ig accepted by the EDTOL
system ({a, a™', b, b1, #}, {a, a™t, b, b1, #}U{Ly, Lo}, L1 # Lo, ), where

¢ is defined by
aaz+,8y+'y c :J—l

cp=1q BTV =1,

c otherwise.

We have that this EDTOL system satisfies the conditions stated in (2) and (3). Thus

we can use Lemma 6.3.3 to obtain the result. O

We now consider the solutions to the equation X? — DY? = N when D is square.

Lemma 6.5.13. Let S be the set of all solutions to the equation X?> — DY? = N,
with N € Z, D € Z>y, such that D is a perfect square. Let o, B3, 7, 6, €, ¢ € Z.
Then

1. The language L = {a®*+Pvrv4por+ev+C | (1 y) € S} is EDTOL;
2. A #-separated EDTOL system H for L is constructible in NSPACE(f), where
f is logarithmic in max(|«|, |5], |7, 19], lel, ||, [N, D);
3. The system H is h-bounded, where h is linear in max(|al, |B|, 7], 0], |€], [C], |N]|, D).

Proof As D is square, we have that D = E? for some E € Z>o. Define a new
variable V' = EY. Substituting this into X? — DY? = N gives X? — V? = N,
which is again equivalent to (X — V)(X +V) = N. If (z, v) is a solution, then
x + v and x — v must both divide N, and thus |z +v| < |[N| and |z —v| < |N|. Tt
follows that there are finitely many solutions (z, v) to X% — V? = N, all of which
satisfy |z| < |N| and |v| < N. Thus there are finitely many solutions (x, y) to
X? — DY? = N, all of which satisfy |z| < |N| and |y| < |V| < |N|.

We can use the same argument we used in Lemma 6.5.12, to show that each of the
singleton languages {a®®+#v+74£p%+<¥+C1 are accepted by EDTOL systems satisfying
the conditions in (2) and (3). We can again use Lemma 6.3.3 to union these to form

L. U
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We finally need to consider the case when N = 0.

Lemma 6.5.14. Let S be the set of all solutions to the equation X* — DY? = 0,
with D € Z>q, and o, B, v, 0, €, ( € Z. Then

1. The language L = {a®* TPy Hv4ppoeteste | (v, y) € S} is EDTOL;
2. A #-separated EDTOL system H for L is constructible in NSPACE(f), where
[ is logarithmic in max(|ol, |5, [v], |6, |e|, [¢l, D);
3. The system H is h-bounded, where h is linear in max(|c|, |5|, |7], 4], lel, |Cl, IN|, D).

Proof First note that (x, y) is a solution if and only if 2 = v/Dy. It follows that
if D is non-square, then this admits no solutions, and there is nothing to prove. If

D is square, then the result follows from Lemma 6.5.13. 0

Combining the different cases of the equation X2 4+ DY? = N allows us to use
Lagrange’s method to show the following. The proof follows the arguments given in

[89], Section 1.

Theorem 6.5.15. Let
aX?+ BXY +Y2 40X +eY +( =0 (6.2)

be a two-variable quadratic equation in the ring of integers, with a set S of solutions.

Then

1. The language L = {a*#b¥ | (x, y) € S} is EDTOL;
2. Taking the input size to be max(|a|, |5], |7, 19], lel, |C]), an EDTOL system
for L is constructible in NSPACE(n*logn).

Proof Let D = 3?—4avy, E = 36—2ae and F = 62 —4a(, and define new variables
U=DY + FEand V =2aX + Y + 6. Then

1. V2 =4a2X? + B2Y? + 6% + 4aBXY + 4adX + 2B6Y;
2. DY? = 32Y? — 4anY?,
3. 2EY = 2B6Y — 4aeY;
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4. F =52 — 4al.

Thus
V2 - DY? —2EY — F =40’ X% + 4aBXY + 406X + 4a7Y? + 4aeY + 4aC.
It follows that (6.2) can be rewritten as
V?=DY? +2EY + F.

This is equivalent to

DV? = (DY + E)®+ DF — E2.

By substituting U for DY + E, and setting N = E? — DF, we can conclude that

(6.2) can be written as

U?—-DV?*=N. (6.3)
Note that
Y_U—E X_V—BY—é_VD—ﬁU—i—BE—éD
D - 2 - 2a.D '

Let T be the set of solutions to (6.3). By Lemma 6.5.10, Lemma 6.5.12, Lemma
6.5.13 or Lemma 6.5.14 (dependent on whether D is positive and non-square, positive

and square, or non-positive, and whether or not N = 0) we have that
M = {aDV—ﬁU-‘rBE—(SD#bU—E | (U, U) c T}

is accepted by a #-separated EDTOL system 7, which is constructible in NSPACE( fg),
where f is logarithmic in max(|D|, |5|, |SE —dD|, |E|), and ¢ is linear in |D|. Let
C be the extended alphabet of H, and let B be an alphabet the rational control of
‘H is regular. Using Lemma 6.5.10, 6.5.10, Lemma 6.5.12, Lemma 6.5.13 or Lemma
6.5.14, we also have that |C| and max{|c¢| | ¢ € C, ¢ € B} are bounded by hjhs,
where hy is linear in max(|D|, |B|, |BE — dD|, |E|), and hs is exponential in |D].
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We have that D = 3> —4ay and N = E? — DF = (30 —2ae)? — (5% —day) (6% — 47().
It follows that f is logarithmic in max (||, |5], 7|, 9], |¢|), and g is quadratic in

max(|al, |8, [7]).
In addition, hy is quartic in max(|a|, |3], |v], |6], |e]), and Ay is O(27°) in max(|l, |5], |7]).

Note that DY = U — FE and 2aDX = DV — U 4+ BE — dD. Thus we have that
M = {a** PP | (2, y) € S}.

By Lemma 6.3.5, it follows that L is EDTOL, and accepted by an EDTOL system
that is constructible in NSPACE(n*logn). O

Using Theorem 3.3.2 to apply the free monoid homomorphism that maps b to a to

a language described in Theorem 6.5.15 gives the following:

Corollary 6.5.16. The solution language to a two-variable quadratic equation in in-
tegers is EDTOL, accepted by an EDTOL system that is constructible in NSPACE(n* logn),

with the input size taken to be the maximal absolute value of a coefficient.

6.6 From Heisenberg equations to integer equa-

tions

This section aims to prove that the solution language to an equation in one variable
in the Heisenberg group is EDTOL. We do this by showing that a single equation &
in the Heisenberg group is ‘equivalent’ to a system Sg¢ of quadratic equations in the
ring of integers. The idea of the proof is to replace each variable in £ with a word
representing a potential solution, and then convert the resulting word into Mal’cev
normal form. The equations in Sg occur by equating the exponent of the generators

to 0.

We start with an example of an equation in the Heisenberg group.
Example 6.6.1. We will transform the equation XY X = 1 in the Heisenberg
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group into a system over the integers. Using the Mal’cev normal form we can write
X = a’bX2c¢Xs and Y = a¥10¥2¢¥ for variables X, X,, Xj, Vi, Y,, Y3 over the

integers. Replacing X and Y in XY X =1 in these expressions gives

a1 b¥2c X g 2 g K p e s = 1. (6.4)

After manipulating this into Mal’cev normal form, we obtain

CL2X1+Y1 b2X2+Y2 02X3+Y3+X1Y2+X1X2+Y1X2 =1 (65)

As this normal form word is trivial if and only if the exponents of a, b and ¢ are all

equal to 0, we obtain the following system over Z:

2X, +Y; =0 (6.6)

2X3+ Y3+ XiYo + X1 Xo + V1 Xy = 0.

Note that the variables corresponding to the exponent of ¢ in X and Y, namely X3

and Y3, only appear in linear terms in the above system.

In this specific example it is not hard to enumerate the solutions in a somewhat
reasonable manner. We can start by replacing occurrences of Y; and Y3 in the third
equation of (6.6) with —2X; and —2Xj, respectively, to give that (6.6) is equivalent
to

Yi=-2Xy
Yy = —2X,

2X3 + }/3 - 2X1X2 + X1X2 - 2X1X2 - O
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This simplifies to

Yi=-2X,
Yy = —2X

2X5+Y; =3X1 X,

We can now enumerate all values of (X1, X, X3) (across Z), and each such choice
will fix the values of Y7, Y5 and Y3, for which there will always exist a solution.

Using this method, we have that the solution set to (6.6) is equal to

{(l’l, T2, T3, —2513'1, —21'2, 3331372 —2.1'3) ‘ Ty, T2, I3 € Z}

Translating this back into the language of the Heisenberg group gives that the so-
lution set to XY X =1 is

{(a®*b™2c", a_2w1b_2’”2c3:”1’”2_2’33) | z1, 9, x3 € Z}.

The following definition allows us to transform an equation in a single variable in
the Heisenberg group into a system of equations in the ring of integers. This is
done by representing the variables as expressions in Mal’cev normal form, plugging
these expressions back into the equation, and then converting the resulting word
into Mal’cev normal form. After doing this, the exponents of the generators can the

be equated to 0, which yields a system of equations in the ring of integers.

Definition 6.6.2. If w = 1 is an equation in a class 2 nilpotent group, consider the
system of equations over the integers defined by taking the variable X, and viewing
it in Mal’cev normal form by introducing new variables: X = a*'b"1¢%, where the
X1, X5 and X3 take values in Z. The resulting system of equations over Z obtained
by setting the expressions in the exponents equal to zero is called the Z-system of

w = 1.
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Example 6.6.3. The Z-system of the equation (6.4) from Example 6.6.1 is

2X5+ Y3+ XiYo+ X1 Xo + V1 Xe = 0.

We now explicitly calculate the Z-system of an arbitrary equation in one variable in

the Heisenberg group.

Lemma 6.6.4. Let

Xqh ... Xenginpindhn =1 (6.7)
be a single equation in one variable in the Heisenberg group, where €1, ..., €, €
{=1, 1}, and iy, ...0n, J1, --+y Jn, k1, ..., kn € Z. Define

0 ¢=1
0y =
1 € =-—1.

Writing X = a*1bX2¢™* with X1, Xy and X3 over Z gives that the Z-system of (6.7)
18

n

> (aXi+i) =0

r=1

n

Z(GTXQ +]r> =0

r=1
S Xs+k +6X1X0) + )Y (eeXiXo+ X1 + D Y (iresXo +irjs) = 0.
r=1 r=1 s=1 r=1 s=1

Proof We proceed as in Example 6.6.1. Replacing each occurrence of X in (6.7)

with a®16%2¢%s gives
(a2 X)) gy ek (XXX g i P = 1. (6.8)
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Since c is central, we can push all occurrences of ¢ and ¢! to the right, and then

freely reduce, thus showing that 6.7 is equivalent to
(axle2>€1ai1b7'1 . (aX1bX2)GnainbanZle(erXSJrkr) — 1. (69)

Note that for all xy, x5 € Z, (a®b®)™! = h~22q™" = g b~ "2¢"*2. Using this,

together with the fact that c is central, gives that (6.9) is equivalent to

a61X1 bengail bj1 . aenXl bEanainbanZ?zl(eng—l-kT—l-&«Xng) — 1 (610)

We now push all as in (6.10) to the left. The as at the beginning do not need to
move. The as with exponent i; will need to move past b'*2, thus increasing the
exponent of ¢ by i;6;X5. The as with exponent €,X; will need to move past bt
and b*2, thus increasing the exponent of ¢ by ji1€2 X1 + €165X; X5. This continues
up to the as with exponent ¢,, which will need to move past all bs, thus increasing
the exponent of ¢ by i,(3"_, €.X3) +in >.r—, j,. Overall, we have that (6.10) is

equivalent to

n

> (eX1 +1iy)
ar=1 (6.11)

n

Z(ETXQ + ]7“)

pr=1
Y (eXs+h +6X1X0) + Y (e XiXo + 6 X1j) + Y Y (iréXa + irji)
Cr:l r=1 s=1 r=1 s=1 —

Equating each of the exponents to 0 (as we are now in Mal’cev normal form) gives
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that the Z-system of (6.7) is

n

Z(E’I‘Xl + 7’7") =0

r=1

n

Z(E’I‘XQ +34r) =0

r=1
Z(E’I‘X?) + kr + 57”X1X2) + Z Z(EreleXQ + eerjs) + Z Z(iresXQ + irjs) = 0.
r=1 r=1 s=1 r=1 s=1

O

We have now collected the results we need to prove the main theorem of this section.

Theorem 6.6.5. Let L be the solution language to a single equation with one vari-

able in the Heisenberg group, with respect to the Mal’cev generating set and normal

form. Then

1. The language L is EDTOL;
2. An EDTOL system for L is constructible in NSPACE(n®(logn)?).

Proof Let
Xegpre .. Xeginpinet = 1 (6.12)

be an equation in the Heisenberg group in a single variable. By Lemma 6.6.4, we

have that the Z-system of (6.12) is

n

> (eXi+i) =0 (6.13)

r=1

n

Z(ETX2 +jr) =0

r=1
Z(ET'X?) +ky + 6, X:1X5) + Z Z<€T€SX1X2 + 6 X1Js) + Z Z(ir53X2 +irjs) = 0.
r=1 r=1 s=1 r=1 s=1

We consider two cases: when " €, =0 and when > €, # 0.
Case 1: Y e, =0.
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Applying our case assumption to (6.13) gives that (6.13) is equivalent to

n

> i =0 (6.14)

r=1

er =0
r=1

n n T n T

Z(l{r + (STX1X2) + Z Z(EreleXQ + Eerjs) + Z Z(iTESXQ + irjs) = 0.

r=1 r=1 s=1 r=1 s=1

The first two of the above identities only involve constants. If one of these is not
satisfied, then (6.12) has no solutions. In such a case, L is empty, and there is
nothing to prove. So we suppose that these are satisfied. It follows that they are
redundant, and the above system is equivalent to the third equation in it (with the
addition that X3 can be anything, regardless of X; and X5). Note that this is a
quadratic equation in integers, with variables X; and X5. So by Theorem 6.5.15

K = {a"#b" | (21, z2) is part of a solution (6.14) for (X;, X»)}

is EDTOL, and accepted by an EDTOL system that is constructible in NSPACE(n +—

ntlogn) in terms of the coefficients of the equation. These are

Zk +ZZ@TjS, 25 —i—ZZeres, Z;erjs, eres

r=1 s=1 r=1 s=1 r=1 r=1 s=1

Note that |e,] = 1 and || < 1 for all . In addition, as exponents of constants
n (6.12), each sum y ~_ 4., Y o, jr and Y _ k, is linear in our input. It follows
that the above expression is quadratic in our input, and so an EDTOL system for K
is constructible in NSPACE(n — n®(logn)?). Applying the monoid homomorphism
that maps # to ¢, followed by concatenating the above language with the EDTOL
language {c}*, which is constructible in constant space, allows us to apply Theorem
3.3.2 to show

{a®'b"2c™ | (1, ma, x3) is a solution (6.14)}

is EDTOL, accepted by an EDTOL system that is constructible in NSPACE(n
n®(logn)?). Since this language is L, the result follows.
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Case 2: Y " e #0.
Let a=>" e, 8=>"_1i,,y=> 0 jrand ( => " k.. Then we can rewrite
(6.13) as

WXy 4B =0 (6.15)

OZXQ—F’Y:O

aXs —|—§+Z(5 X1X5 + ZZ €65 X1X2 —|—ETX1]S + ZZ Z r€s X2 +27"js) = 0.
r=1 s=1 r=1 s=1

If either of the first two equations have no solution, then neither does (6.12), and so
L is empty, and there is nothing to prove. We will therefore suppose that both of
these equations admit a solution. Since these are both single linear equations with
one variable, they can both admit a single solution. Let z; be the solution for X7,

and xy be the solution for X5. Plugging these into the third equation gives

aXz+ ¢+ Z 0,212 + Z Z €-€sT1T2 + €,71]s) + Z Z ir€sx2 + 1.js) = 0.

r=1 s=1 r=1 s=1

(6.16)

Note that this is a linear equation in integers with single variable X3. Hence by [47],

Corollary 3.13 and Proposition 3.16, the language
M = {c" | z3 is a solution to (6.16)}

is EDTOL, and accepted by an EDTOL system that is constructible in non-deterministic

quadratic space in terms of an input of length

n T

la| + |¢| + Z |6, 2122] + ZZ |lerest1a| + |€,2175]) + ZZ |ir€esal + |irJs])-

r=1 s=1 r=1 s=1

As the sums of the lengths of constants in our original equation, |a|, |5], |v| and ||
are all linear in our input. As the number of constants in our equation, n is also
linear in our input. We have that |z;| = ’g‘ < |8] and |z3| = || < |af are both

linear in our input. Since |¢,| = 1 and |d,| < 1 for all r, and the above expression
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is quartic in our input, it follows that M is constructible in NSPACE(n?). Applying
Theorem 3.3.2 to concatenate M with the singleton language {a®'6*2}, which is

constructible in linear space, gives that
{a®1b"2c™ | (1, ma, x3) is a solution to (6.14)}

is EDTOL, and accepted by an EDTOL system that is constructible in NSPACE(n?).
Since this language is L, the result follows. 0
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Chapter 7

Equations in class 2 nilpotent

groups

This chapter is based on work in [64].

In this chapter we consider equations in class 2 nilpotent groups with virtually
cyclic commutator subgroups, and use this to show that the satisfiability of single
equations in virtually the Heisenberg group is decidable. This follows the method
of Duchin, Liang and Shapiro [34], although we explicitly construct the quadratic
equations in the ring of integers that equations in these class 2 nilpotent groups are

‘equivalent’.

In Section 7.1 we generalise the Mal’cev generating set and normal form from Section
6.2.2 to all class 2 nilpotent groups with a virtually cyclic commutator subgroup. We
then construct a Z-system for an equation in such a group in Section 7.2, analogous
to what was done in Section 6.6. This section follows the work of Duchin, Liang and
Shapiro [34]. We then use this to show that the satisfiability of single equations in
virtually the Heisenberg group is decidable in Section 7.3.

The explicit calculations used in Section 7.2 could be used in future work to attempt
to generalise the work in Chapter 6 to show equations have EDTOL solutions in more
class 2 nilpotent groups, as an exact definition of the sets will probably be needed to

say anything about solution languages. In addition, the fact that the satisfiability
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of equations is decidable in virtually the Heisenberg group could be extended in
future work to cover any group that is virtually a class 2 nilpotent groups with a
virtually cyclic commutator subgroup - thus generalising the work of Duchin, Liang

and Shapiro [34] to finite extensions.

7.1 Mal’cev generators

This section covers the normal form we will be using. This is a generalisation of the
Mal’cev normal form introduced in Section 6.2.2. We include the proof of uniqueness

and existence for completeness.

Lemma 7.1.1. Let G be a class 2 nilpotent group. Then G has a generating set
{(1,1, ey QAp, bl; ey bT, C1y, ..., Cg, dl; NN dt};

where n, r, s, t € N\{0}, such that the d;s have finite order, the ¢;s and d;s are
central, for each b;, there exists I; € N\{0}, such that b € [G, G], and |G, G] =
<Cla sty Cg, dla ey dt>

Proof Using the fundamental theorem for finitely generated abelian groups, the

short exact sequence {1} — [G, G] - G — G/[G G|~ {1} becomes
(I} =26 Zyns - 0Ly) —G—Z2"® (L, & DL,) — {1},

where n, r, s, t € N\{0}. Let a1, ..., a, be lifts in G of standard generators for Z,
by, ..., b, belifts of generators of Z;,, ..., Z,,, respectively. Let c;, ..., cs be a gen-

erating set for Z°, and dy, ..., d; be generators of Zy,, ..., Zx,, respectively. Then

using our short exact sequence, it follows that {a1, ..., an, b1, ..., by, 1, ..., s, di, ...

generates (G. We have that df" =1, for all i. As {ey,..., ¢, di, ..., d;} generates
(G, G], the result follows. O

Definition 7.1.2. A generating set defined as in Lemma 7.1.1 is called a Mal’cev

generating set.
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Lemma 7.1.3. Let G be a class 2 nilpotent group and
{al, ey QAp, bl, ey br, C1y ..., Cg, dl, ey dt},

be a Mal’cev generating set for G, where again, l; is minimal (and exists) such that
bi € |G, G], and the order of d; is k;. Then every element of G can be expressed

uniquely as an element of the set

{abt - ainb] b A dP |y, L iy DLy, Ps €L, (7.1)

Jr €40, ... 1, — 1}, ¢ € {0, ..., k,— 1} for each x}.

Proof Existence: Let g € G, and w be a word over our generating set that repre-
sents g. As all ¢;s and d;s are central, we can push them to the back of w, and into
the desired order. As [a;, a;], [bi, b;], and [a;, b;] can be written as expressions using
the ¢;s and d;s, for all ¢ and j, we have that reordering the a;s and b;s to the desired
form simply creates expressions using the ¢;s and d;s, which can then be pushed
to the back of w, and into the stated order. Let i € {1, ..., r}. By definition,
G, G]bé" =[G, G], so we can reduce b; modulo [; by creating an expression over
the ¢;s and d;s, which, again, can be pushed to the back and into the desired form.

Since the d;s have finite order, we can reduce their exponents modulo these orders.

Uniqueness: It suffices to show that any expression of this form is non-trivial when-
ever at least one of the exponents is non-zero. So let i1, ..., tp4r161¢ € Z be such

that

i im 1 0n+1 i i 1 i i 1 3 t
a’ll R a;nb1n+ R b;.n_HCanrTJr R Clsn+r+sd1n+r+s+ R dtn+r+s+ — 1

fo: G— G/[G el is the quotient map, then applying this to the above expression
gives

(G -+ (9lan) (6B ™+ - (9(b,)) = 1.

As the a;s and b;s are lifts to G of generators of the corresponding cyclic groups, we

have that the above expression of ¢(a;)s and ¢(b;)s is in the (standard) normal form
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for 2" ® (Zy, & --- & Zy,.), and 80 iy = - -+ = iy4, = 0. It follows that

7f"n+r+1 .. in+'r+s 'in+7"+s+1 .. in+r+s+t _
¢ cy dy d; = 1.

But this expression is in the normal form for Z°* @ (Zy, ® - - - & Zg, ), and S0 i,441 =

= Z'nJrrJrert = 0. 0

Definition 7.1.4. The normal form defined in Lemma 7.1.3 is called the Mal’cev

normal form.

Notation 7.1.5. We define a number of invariants for a group G with the Mal'cev

generating set
{al, vy Qp, bl, ey bm Cl1y, ..., Cg, dl, ceey dt},

where again, I; is minimal (and exists) such that b € [G, G] and the order of d; is

k.

1. From Lemma 7.1.1, we have that [a;, a;], [b;, b;], [a;, b;] € ¢} ---cidi---d,
for all 4, 7, with ¢ < j in the first two expressions. For all such i and j,
ked{l, ..., s},and [ € {1, ..., t}, we can therefore define m;jx, Tijk, Vijk,
a1, Biji and ;5 to be the unique integers satisfying the following normal form

expressions in [G, G]:
laj, ai] = ¢ e fdy - d (i< )
[b;, bi] = 9 - crasdP @ (5 < )
lag, by] = Ut - s L

2. Since b € [G, G], we can define &, and 1y for all i € {1, ..., 7}, k €
{1, ..., s}and l € {1, ..., t}, to be the unique integers such that

li _ Gi1 Eis JMi1 Mit
B = i e
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7.2 'Transforming equations in nilpotent groups

into equations over Z

This section aims to prove that a single equation £ in a class 2 nilpotent group is
equivalent to a system Sg¢ over the ring Z of quadratic equations and congruences
that may also contain ‘floor terms’. The idea of the proof is to replace each variable
in £ with a word representing a potential solution, and then convert the resulting
word into Mal’cev normal form. The linear equations in Sg occur by equating the
exponent of each generator a; to 0, and the linear congruences, quadratic equations
and quadratic congruences occur when the same is done for the b;s, ¢;s and d;s,
respectively. Recall that Example 6.6.1 gave an example of an equation in the

Heisenberg group, and a method of solving it using Mal’cev normal form.

Example 7.2.1. Let G be the class 2 nilpotent group with the presentation

{ar, as, b, ¢, d|c=[ay, as], d = [ay, b] = [az, ], B* =¢, d* =1,
la1, c] = a1, d] = las, ] =|aq, d] =1[b, ] =1[b, d =1).
Consider the equation
XbajcXase Pa; X =1 (7.2)

We first convert the constants into Mal’cev normal form, and push the commutators

to the right to obtain
XabXajas Xe3d™t = 1.
Using the fact that d? = 1 gives that this is equivalent to
XabXajasXc3d = 1. (7.3)

. X: X .
As in Example 6.6.1, we set X = a;'ay ?b*3cX1d*5 using our Mal’cev normal form,
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for new variables X,..., X5 over Z. Plugging this into (7.3) gives
a1 a3 b 4 d¥ 5 arbay a3 20N A agagal a2 b X d X e d = 1. (7.4)
We can the transform this into Mal’cev normal form, to (first) obtain
a3X1 23X 13X+ BXark X (1 Xat Xo)+ X1 Xa =3 (7.5)

d3X5+X2(X3+1+X3)+X1 (X3+1+X3)+(X3+14+X3)+(X3+14+X3)+X2(1+X3) + X1 (1+X3) + X3 +2+1 _ 1

Simplifying this gives

3X1+2 3X2+1b3X3+1

a, Qg

C3X1X2+X1+3X473d3X1X3+3X2X3+4X1+4X2+5X3+3X5+5 — 1 (76)

Using the relations b*> = ¢ and d? = 1, we can conclude

G?X1+2a§X2+1b(X3+1) mod2 3X1 X+ X1+3X4—3+ | X5t | +X3 (X1 X5+ X2 X5+ X5+ X5+1) mod2 _ 1
(7.7)

This results in the following system of equations over (the ring) Z
3X1+2=0 (7.8)

3Xo+1=0

X3+1=0 mod 2

Xz +1

3X1X2+X1+X3+\‘ J+3X4—3:O

X1X3+X2X3—|—X3—|—X5+]_EO mod 2

As 3X; + 2 = 0 admits no integer solutions, we can conclude that (7.2) does not
admit a solution.
Definition 7.2.2. Let w be a word over an alphabet of the form 3, where every

letter in X has an assigned inverse letter. The exponent sum of w with respect to a
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letter a € ¥ is defined by

expsum, (w) = #4(w) — #4-1(w).

Notation 7.2.3. Let G be a class 2 nilpotent group, X, ..., Xy be variables,
where N € Z-, and

Xpy - Xpi = 1 (7.9)
be an equation over G with no constants, where py, ..., px € {1, ..., N} and
€1, ..., €x € {—1, 1}. We will use the notation introduced in Lemma 7.1.1 for
the generators, and (v, ..., vy) will be a potential solution to (7.9), with each v,

expressed as a word in Mal’cev normal form. For each Mal’cev generator a, define

V., = expsum,(v,).

We denote these in bold in order to make clear these represent variables (or at least

potential solutions to variables) as opposed to the constants that appear from the

choice of G.

The following lemma converts an equation of the form of (7.9) into a system of
equations and congruences over Z. This is done by expressing the variables as ex-
pressions in Mal’cev normal form, plugging these expressions back into the equation,
and then converting the resulting word into Mal’cev normal form. After doing this,
the exponents of the generators can be equated to 0 or set congruent to 0, which

yields the system stated.

Lemma 7.2.4. The words vy, ..., vy form a solution to (7.9) in G if and only if

157



Chapter 7: Equations in class 2 nilpotent groups

the following equations and congruences hold:

K
Zezl/pz,am =0, forallme{l, ..., n}, (7.10)
z=1
K
ZEZVPZ7bm =0 mod l,, forallme{l, ..., r}, (7.11)
z=1
K K n K v
Zﬁz’/z,cm + Z Z Tim€=€uVp..a;Vpua; T Z ZviijEquz,ainu,bj (7.12)
z=1 u<lz=li<j=1 u<z=1 i=1

j=1

€V 2,b
+ Z Z Tijm€z€ulp, b Vp, b, T ZZ&m { £ J =0, forallme {1, ..., s},
u<z=1li<j=1 z=1 i=1

E Vidy T § E Qijm€z€ulVp, a;Vpy,a; T E E Yijm€z€uVp.,a;Vpy,b; (7'13)

u<z=1l1i<j=1 u<z=1 i=1
j=1

- Z Z szm‘fzeuypz,b Vpub; + Zznzm \‘Ezyph J =0 mod km,

u<z=1li<j=1 z=1 i=1

forallme {1, ..., t},

where the kS, Tijks, VijkS, ks, Bijks, and ks are defined as in Notation 7.1.5
and represent constants. The €,s are defined as in Notation 7.2.3, and represent
constants. The potential solutions for the variables are the v, ,s, for a generator a

and are defined in Notation 7.2.3.

Proof Consider (7.9) with the potential solution (vq, ..., vy) plugged in. We
obtain
v v =

Vz, Vb Ve, Vz, Vz, Vz,d Vzd . .
Asw, = a; " - al=0nb, 7 b e T e d M - d " replacing these in
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the above equation gives

Vpq, Vpq,an 1Vpy,b Vpy,byr Vpq, Vpi,es Vp1,d Vpi,d

R o /M M I Al i A I (7.14)
v R v R v b v b v s v R 14 d 174 d

(alPK a1 .__anPK anblpK 1 ___ber TclpK c1 .,_CSPK CsdlpK 1 .,_dtPK t)CK — 1

We now convert the left hand side of (7.14) into Mal’cev normal form. This is done
from (6.4) to (6.5) in Example 6.6.1, and from (7.4) to (7.7) in Example 7.2.1. We
start by pushing all commutators to the right, which gives that (7.14) is equivalent
to

Vpy,a1 Vpy,an 1 Vp1,b1 Vpy,br\e Vpp.ag Vpg,an 1 Vpg b1 Vpgbr\e
(al R . bl - by )1...(&1 . bl - by )K

K K

s : :Ezyp27cm t : :Ezyp27dm
] ] —1

m=1 m=1

. . . . . T4 TG4 Qi Qg
Using Notation 7.1.5, if i < j, then aja; = a,a;]a;, a;] = aa;e;”" - e di" -+ dy ™"

Tij Tij i i . . .

and b;b; = b;bjc,”" - - cs”sdff”1 e dt’B”t. Similarly, for any 7 and j,
_ Vij1 Vijs JVijl Yijt
bja,» = aibjcl cee Cswgdl cee dt .

We will use this to reorder all of the subwords (a;?* ! .- anr= b, P=" ... pr=br)es
into a word within (a)*--- (a)*(b¥)* - - - (bF)* ()" - - (¢F)*(df)* - - - (dF)*, subject
to ‘creating’ some additional commutators, which are then pushed to the right.
Note that if €, = 1, then the word is already in the desired form, so consider when

€, = —1. Let w be such a subword. Then

—U b —V b _ et 4 a
. Pz, Pz,01 174 Pz,aq
w=>b, by T, P gy PP

We will start at the right, and push terms to the left. We have that the a;s will have
to be pushed past everything (except each other), the ass will need to be pushed
past everything except the a;s, and so on up to the b,_1s, which will only need to

be pushed past the b,s, and the b.s which will not need to be pushed past anything,
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as they will now be in the correct place. Thus

—Vpz, — “Vpz,b —Vp,,b
w :al Pz, ...anVPz;anbl Pz,01 br Pz,0r
n
E : WZ]mszﬂszzva] + z :U'L]mypzvazypmb + : : TZ]msz,b szab
s 1<j=1 i=1 1<j=1
Jj=1
IIen
m=1
n
E , QijmVp..a;iVp..a; T § VigmVp.,a;Vp.b; + E : BijmVp. b:Vp..b;
t 1<j=1 1<j=1
] 1
| | dm
m=1

Now consider the general case for ¢, € {—1, 1}. Let 6; = 1 ifi = —1 and §; = 0

otherwise. We have

w :aizl/pz,al e a;zl/pz,an bizupz,bl o bﬁzupz’br
n
662 Z lemypz,alupz,a] + : UZ]msz,aZVPzJ) + 5 Tz]msz,b sz,b-
- = = i<j=1
=1
[T en
m=1
n
562 Oél]mypz,azypz7aj + Zﬂyz]mypzvazupzzb + 62]777,1/}72717 sz:b
t 1<j=1 Z<§J :1
] 1
11 -
m=1
a; = a;a5]a5, o) = aa;ept Tijs gijl | g%t
We now use the rules aja; = aa;a;, a;] = aa;c i d; &t for i < j

and bja; = a;bjey” -+ - cg?*d]”" -+ - d]”", for any i and j to push all of the a;s to the
left, ordered from a; to a,, and push all commutators ‘created’ by this action to the

right, to obtain that (7.14) is equivalent to

160



Chapter 7: Equations in class 2 nilpotent groups

K K

DV ) Vpa

z=1 z=1 €1Vpy.b €1Vpq,b €2Vp, b1 €2Vp, b
1= 1 Y A bl 11"'br 1T...blzpz "'bT,ZPZT

K n

EZVPZ,Cm + 552 : : szmypzvalyp27a] + : :UZ‘]msz,(LZVpZJ) + : : lemypzvb szvb
z=1 1<j=1 i=1 1<j=1
=1

s
I e
m=1

K n
z : z :lemezeuypzvazypuya]+ z : : :U'L]mezeuypzvazypuvb

=1li<j=1 u<z=1 i=1
7=1
n
K
E : €:Vp. dy, T Oc. E QijmVp.,a;Vp.,a; +§ YijmVp..aiVp.b; + E BijmVp. b:Vp. b;
t z=1 1<j=1 1<j=1
] 1
| | dm
m=1

+ : : : : aZJmEZGUVPz,anPu,GJ + : E 'Vwmez‘fuyz CLZV’U, b

u<z=1 1=1

u<z=1li<j=1
J=1

We now reorder the b;s. Again, we use Notation 7.1.5 to say b;b; = bb;jc;”" - - - c?'“dfiﬂ d)

for i < j. Reordering the b;s, and pushing all commutators to the right, gives that

(7.14) is equivalent to
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K K K K
: :Ezypzaal : :Eypzvan E :EZVPZJH : :Eypzabr
=1 =1 =1 =1
1=a? P b; o b?
n
K K n r r
E EZVPmCm + § :662 : : ﬂ-ijmypzzail/pz’aj + : :Uijmypzvaiypzzbj + : : Tijm’/pz’biypz’bj
s z=1 z=1 1<j=1 =1 1<j=1
i=1
I en
m=1
n
K n r r
+ E E Tijm€z€uVp, a;Vpya; T 5 Vijm€z€uVp. a;Vp, b; T E Tijm€z€uVp, b Vpu,b;
u<z=1l \ i<j=1 i=1 i<j=1
j=1
n
K n r r
E €:Vp.dm + Oc. E ijmVp..a;Vpza; E YigmVp-.a;Vp..b; + E BijmVp. biVp. b,
t z=1 1<j=1 i=1 1<j=1
Jj=1
11 dn
m=1
n
K n T r
+ g E Oéijmezeuypz,ai’/pu,aj—f— E ’yijmezeu’/pz,ai’/pu,bj—’_ § Bijmezeuypz,bi’/pu,bj
u<z=1 |\ i<j=1 =1 1<j=1
i=1

Next, we reduce each b; modulo [;, as in (7.6) to (7.7) in Example 7.2.1. We have
from Notation 7.1.5 that b7 = & ... c&=dl" ... d}". Doing this, then pushing all

commutators to the right implies that (7.14) is equivalent to
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K K K K
: :Ezypzaal : :Eypzvan : :EZszJn mOdll § :EVPZ7br mOdl’f
=1 =1 =1 =1
1=a? P b\ RS
n
K n r
EZVPZ:Cm +5€z § : Trijmypmaiypz,aj + § :Uijmupz’aiypmbj + E : Tijmypmbiypmbj
s z=1 i<j=1 i=1 1<j=1
j=1
Cm
m=1
n
K n r
+ E E Wijmezeuupz,aiypu,aj—i_ E UiijZGUsz,aiypu,bj—i_ E Tijmezeuypz,biypu,bj
u<z=1l | i<j=1 i=1 1<j=1
Jj=1
€V Dz,b;
S
z=1 i=1 Z
K
E , €:Vp. dp T Oc, E , QijmVp..a;Vp.,a; T E :%Jm’/pz,az Vp.b; T E BijmVp. b:Vp. b;
t z=1 1<j=1 1<j=1
] 1
11 dn
m=1
n
K n
+ E : E : Aijm€z€ulVp,,a;Vpu,a; T E Vijm€z€uVp,,a;Vp,b; T E : Bijm€€ulp, bV, b;
u<lz=1 |\ i<j=1 1<j=1
] 1

S ]

z=1 i=1

The right hand side of the identity above is in normal form, excepting the fact that
the exponents of the d;s are not necessarily reduced with respect to their modulari-
ties. It follows that this identity is satisfied if and only if the exponents of the a;s,
b;s, and ¢;s all equal zero, and the exponent of each d; is congruent to 0 modulo ;.

Thus (v4, ..., vy) is asolution if and only if the exponents satisfy these conditions,
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and the result follows. O

Definition 7.2.5. If w = 1 is an equation in a class 2 nilpotent group, con-
sider the system of equations over the integers defined by taking each variable
V, and viewing it in Mal’cev normal form by introducing new variables: V =
aVt e aVe b Xt e dP - d% where the Wis, Xis, Vis and Z;s take values
in Z. The resulting system of equations and congruences over Z obtained by setting

the expressions in the exponents equal to zero is called the Z-system of w = 1.

The following example demonstrates the method used in the proof of Lemma 7.2.7;
that is that any equation in G is equivalent to a system of equations that consists
of one equation with no constants, and finitely many equations of the form X = g,

for some variable X, and a constant g € G.

Example 7.2.6. Let G be a group, and consider the equation
X2gY'XhZ =1, (7.15)
where g, h € G. Then (7.15) is equivalent to the system

X2 Y L XWLZ =1

To do this, notice that we can obtain (7.15) from the above system by substituting
Wy and W, for g and h, respectively.

Lemma 7.2.7. The Z-system of any equation in a class 2 nilpotent group is equiva-
lent to a system of the form of Lemma 7.2.4, together with finitely many (additional)

linear equations and linear congruences.

Proof We have that any equation in a class 2 nilpotent group G is equivalent

to a system of comprising one equation X;!--- X K = 1 with no constants, and
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equations of the form X, = g, for some variable X, and g € G. Let g € G, and X,

be a variable. We have that g is represented by a word
_ a1 g Jbq i gp,. Jc1 g 9dq 9dy
g =a; ..ananbl ”brrcl '”Cscsdl dt

in Mal’cev normal form, where g, € Z for any generator p. Then the Z-system of

X,=gis
X.a; = ga; foreach i € {1, ..., n}
Xop, =g, mod [; for eachi e {1, ..., r}
X.e, =9, foreachie {1, ..., s}
X.4, = 9ga;, mod k; for each i € {1, ..., n},
These equations and congruences are linear, as required. [l

We now restate Lemma 7.2.7 up to grouping constants, and renaming constants
and variables. We also add new constants x; and x;;, which any system of the
form of Lemma 7.2.7 will have as 0, however, after ‘plugging’ linear equations back
into these equations, these constants will not necessarily be 0. We also note that if
there is a variable X in the equation w = 1, such that expsumy(w) # 0, then the
coefficient in of vx ., in the exponent of c,, will be non-zero for all m. This follows

as this coefficient equals expsum y (w).

Proposition 7.2.8. The Z-system of a single equation w =1 in a class 2 nilpotent
group 1is equivalent to a finite system of linear equations and congruences in 7,

together with the following equations and congruences for finitely many j and k:

- - i X ji
Z —ai Yy + fi( Xy, oo, X)) + Zeﬁ {MJ =0, (7.16)
=1 i=1 Vi
ae( X1, ., X)) + i Chi —'ukiXi + X =0 mod (7.17)
) bl )\kl 5

i=1
where the values with Greek alphabet names are all constants, easily computed from

165



Chapter 7: Equations in class 2 nilpotent groups

the class 2 nilpotent group and the single equation, Xy, ..., X,, are variables which
appear in the linear equations and congruences, Y1, ..., Y, are variables which do
not appear in any of the linear equations and congruences, for each j and the f;s

and grs are quadratic functions.

Moreover, if there is a variable X such that expsumy(w) # 0, then there exists i

such that oj; # 0 for all j.

7.3 Equations in virtually Heisenberg groups

Within this section, we look at how equations behave when passing to a finite index
overgroup. From [34], we know that the single equation problem is decidable in
any class 2 nilpotent group with a virtually cyclic commutator subgroup. We show
that the satisfiability of single equations in groups that are virtually the Heisenberg
group is decidable, which is due to the straightforward nature of its automorphisms.
Further work could be to extend this to virtually any class 2 nilpotent group with
a virtually cyclic commutator subgroup, or to attempt to show the solutions in
virtually the Heisenberg group are EDTOL. Throughout this section, we will use the
following presentation for the Heisenberg group H(Z):

H(Z) = (a1, as, c| a1, az] =¢).

Lemma 7.3.1 ([46], Proposition 4.4.3). Let 6 be any automorphism of the Heisen-
berg group. Then there exist linear functions f, g: Z* — 7, a quadratic function

h: 7> - 7 and o € 7 such that
0(alalc®) = al @ g D okthli, 5), (7.18)

Moreover, f, g, h and k can be computed from the action of ¢ on the generators aq,
as and c.
Remark 7.3.2. In the statement of [46], Proposition 4.4.3, the fact that f, g, h

and k£ can be computed from the action of # on the generators is not mentioned
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within the statement of the proposition. However, the proof explicitly calculates
them from a matrix representative of the image of  within the outer automorphism
group, together with an inner automorphism, both of which can be computed from

the action of # on the generators, which gives the required statement.

Definition 7.3.3. Let G be a finitely generated group. The single (twisted) equa-
tion problem in G is the decidability question as to whether there is a terminating
algorithm that accepts a (twisted) equation w = 1 as input, returns YES if w = 1
admits a solution and NO otherwise, where elements of G within w are represented
by words over a finite generating set, and automorphisms are represented by their

action on the finite generating set.

The following lemma is widely known, although often not stated explicitly. Varia-
tions of it have been used to show systems of equations in virtually free groups, or
virtually abelian groups are decidable, or to describe the structure of solution sets

(see for example [26] or [31]). We include a proof for completeness.

Lemma 7.3.4. Let G be a group with a finite index normal subgroup H, such that H
has decidable single twisted equation problem. Then G has decidable single equation

problem.

Proof Let w = 1 be an equation in G. By Lemma 4.3.7, there is a finite set S
of equations in H such that w = 1 admits a solution if and only if some equation
in £ does. Since we can compute whether or not a given equation in H admits a

solution, the result follows. O

Now that we have Lemma 7.3.4, the following is (almost) all that is required to

prove that single equations in virtually Heisenberg groups are decidable.

Lemma 7.3.5. The single twisted equation problem in the Heisenberg group is de-

cidable.

Proof Let the functions f, g and h, and the integer k be defined as in Lemma 7.3.1.

Let w = 1 be a twisted equation in the Heisenberg group. We first convert this into
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a Z-system as in Section 7.2. Doing so will yield the system from Lemma 7.2.4,
except Vs 4y, Vs, o, and v, . will be replaced with f(v; 4,5 Vzay), §(Vsars Veg,) and

WV, a4y, Vaa,) + kv, ., respectively. Let ay, oy, B, By 7Vf, Vg € Z be such that
fU, J) = ayi+ Brj+ vy and (i, j) = agi+ Byj + 7,

Applying these to an equation with no constants, as in Lemma 7.2.4, gives that the

associated Z-system of w = 1 with the potential solutions v, ..., vy plugged in,
is

K

D (e + Brevp.a +7y) =0, (7.19)
z=1

K

Z(O‘gezupz,al + By€:Vp. a5 +79) =0,

z=1

K N

Z MeVp. a1: €Vp.ar) T hEV) o+ Z J€Vp.ars €V as)9(€Vpyars €uVpuas) =0,

z=1 u<z=1

with the addition of finitely many linear equations and congruences, by Lemma
7.2.7. Here, as we only have one commutator generator, ¢ = c;, the constant mys is
defined to be 791, as defined in Lemma 7.2.4 and Notation 7.1.5. By rearranging

and renaming constants and variables, it follows that (7.19) is equivalent to

2N
i=1
N
Z n:Xs +p =0,
i=1

N

(b(Xh R XQN) = Zéz}/;a
i=1
As the first two equations are linear, these can be plugged back into the third
equation to obtain another equation, which will still be quadratic, that will admit
a solution if and only if the above system does. We can use the algorithm of Siegel

[91] to determine if this single quadratic equation admits a solution. U
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Theorem 7.3.6. The single equation problem in a virtually Heisenberg group is

decidable.

Proof This follows by Lemmas 7.3.4 and 7.3.5, together with the fact that every
virtually Heisenberg group has a finite index normal Heisenberg group subgroup, a

proof of which can be found in [46], Lemma 4.5.2. O
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Context-free and indexed

languages

A.1 Context-free languages

The next class up from regular in Chomsky’s hierarchy of languages is the class of
context-free languages. Unlike regular languages, automata accepting context-free
languages have a certain amount of memory, beyond the states. We do not need to
use context-free languages in this thesis, however we give the basic definitions, as
they are a standard class of languages, and give a good background for where the

classes that we do use fit into the general picture.

We start with the definition.

Definition A.1.1. A contezt-free grammar is a tuple G = (V, ¥, P, S), where

—_

.V is an alphabet, called the non-terminal alphabet;

\)

. Y is an alphabet, called the terminal alphabet, disjoint from V;

w

. P CV x (VUX)* is a finite set called the set of productions. An element
(A, w) is usually written A — w;

4. S € V is called the start symbol.
The production A — w acts on words in v € (VUX)* by replacing a single occurrence
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of A within v with w.

A word w € ¥* is generated by G if we can apply a sequence of productions in G to

S to obtain w. The language generated by G is the language of all words generated
by G.

A language is called context-free if it is generated by a context-free grammar.

We now give some examples of context-free languages. None of the languages men-

tioned are regular.

Example A.1.2. If w is a word, we will use % to denote the word obtained by
reading w backwards. We will show that the language L = {w% | w € {a, b}*} is

context-free.

We define a context-free grammar for L. Our set of non-terminals will be V' = {S},
our terminal alphabet will be {a, b}, our start symbol will be S, and our productions
will be

{S — aSa, S — bSh, S — ¢}.

Since every word that can be made starting with S using the above productions,
if we apply the third production we will end up with a word in {a, b}*, and thus
we will not be able to apply any more productions. Before we do this, the first two
productions will allow us to generate a word to the left of the S always adding to
the end, and a word to the right of the S obtained by always adding the same letter
to the beginning. Thus any word generated will lie in L. Moreover, since we can
create any word to the left of the S, because we can add a or b whenever we want,

we can generate all words in L.

Example A.1.3. Consider the language W over all words w over {a, a~'} such

that w has the same number of occurrences of a as a~!.

Equivalently, W is the
language of all words over {a, a~'} that represent the identity of the group Z,
with the presentation (a |). This language is called the word problem of Z with
respect to {a}. Whilst we will only show that W is context-free, Muller, Schupp
and Dunwoody ([74], [37]) showed that a group has a context-free word problem if

and only if it is virtually free.
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To show that W is context-free, consider the context-free grammar with non-terminals

V = {S}, terminal alphabet {a, a='}, start symbol S, and productions
{S -+ SaSa™'S, S — Sa'SaS, S — ¢}.

If we start using the first two productions, we will always end up with a word with S

in (at least) every other position. Thus, if occurrences of S are ignored, we can use

1 1

these productions to ‘insert’ aa™" or a~'a anywhere. Afterwards, we can use S — ¢
repeatedly to remove all non-terminals. We have now shown that the language

generated by this context-free grammar contains W.

If we generate a word using the grammar, it must have the same number of as as
a~!s, since the productions always add the same number of as as a~'s. Thus W is

accepted by this grammar, and is therefore context-free.

Like regular languages, context-free languages form a full abstract family of lan-

guages, that is they are closed under the operations in the following lemma.

Lemma A.1.4 ([58], Section 6.2). Let L and M be context-free languages over
alphabets Xy, and Xp. Let ¢: X7 — X3, be a free monoid homomorphism. Then

the following languages are context-free:

LUM (union);

LN K, for any regular language K (intersection with reqular languages);
LM (concatenation);

L* (Kleene star closure);

Lo (homomorphism);

S S e~

Lo~ (inverse homomorphism).

Using the fact that all regular languages are defined by rational expressions (Lemma

2.4.6) with Lemma A.1.4, we can now show the following.

Lemma A.1.5. Regular languages are context-free.

An alternative method of defining context-free languages is using pushdown au-

tomata. These are a generalisation of finite-state automata, and thus imply the
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regular languages are context-free. We omit the definition here, however we refer
the reader to [56] or [58] for more information about context-free languages, includ-

ing pushdown automata.

A.2 Indexed languages

Indexed languages were introduced in the 1960s by Aho ([2], [3]) as a generalisation of
context-free languages. Whilst they are probably not as well-studied as context-free
and regular languages, they still occupy an important place as a full abstract family
of languages that is less restrictive than context-free, but not nearly as broad as the
large class of context-sensitive languages. We refer the reader to Aho’s papers, and
also Gilman’s exposition of formal languages [51], Section 6 for more information.

We follow the notation of [1].

Definition A.2.1. An indezed grammar is a tuple G = (V, X, x, P, S), where

1. V is an alphabet, called the non-terminal alphabet;

2. X is an alphabet, called the terminal alphabet, disjoint from V;

3. x is an alphabet, called the flag alphabet or indices, disjoint from V U X.
Elements of V' x x* are called indexed non-terminals, and the element (A, f) €
V x x is denoted A. We consider A, and A as equal.

4. PC(V xx) x ((V x x)UX)* is a finite set called the set of productions. An
element (A, w) is usually written Ay — w. All productions must be of one
of the following forms, where A, B €V, w e (VUX)* and f € x*

(a) A — w. This production acts on words of indexed non-terminals by
replacing a single occurrence of A, for any g € x*, with w, where every
non-terminal in w is indexed with g;

(b) A — By, called a push production. This production acts on words of
indexed non-terminals by replacing a single occurrence of A, for any
g € X", with Bgy;

(c) Ay — w, called a pop production. This production acts on words of
indexed non-terminals by replacing a single occurrence of Ay for any

g € x*, with w, where every non-terminal in w is indexed with g.
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5. S € V is called the start symbol.

A word w € ¥* is generated by G if we can apply a sequence of productions in G to
S to obtain w. The language generated by G is the language of all words generated
by G.

A language is called indezed if it is generated by an indexed grammar.

We give a standard example of an indexed language.

Example A.2.2. The language L = {w? | w € 3*} is indexed over the alphabet ¥,
but not context-free. We construct an indexed grammar for L. Let V = {S, T, U}.
Let ¥ = {a | a € 2} be a disjoint copy of 2. Let x = X U{$}. Consider the indexed

grammar G = (V, 3, x, P, S), where the set P of productions equals
{S—>Ts}U{T > T;|acX}U{T - UU, U; — Uqa, Ug — ¢}.

Any word generated by G starts with S, and we are then forced to go through the
production S — Tg. After this, a (possibly empty) sequence of productions of the
form T — T, will be performed to obtain Tg, for some w € ¥*. Following this, we
must apply T — UU, as otherwise we are in the case we just considered. Thus we
have Ug;Ug,. We are now forced pop off each index from U to obtain UguUgu,
where u is the reverse of w. We can now only apply Ug — ¢ twice, and we end up
with 42, and so G only generates words in L. Since we can choose the order that
flags are pushed to T, we can obtain Tg, for all w € ¥*, and thus all words in L

are generated by G.

Since indexed grammars are a generalisation of context-free grammars, we have the

following:

Lemma A.2.3. Context-free languages are indezed.

Similar to regular and context-free languages, indexed languages also form a full

abstract family of languages.
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Lemma A.2.4 ([51], Theorem 6.3 and Theorem 6.10). Let L and M be indexed
languages over alphabets X5, and ¥Xpyr. Let ¢: X7 — 33, be a free monoid homomor-

phism. Then the following languages are indexed:

LUM (union);

LN K, for any regular language K (intersection with reqular languages);
LM (concatenation);

L* (Kleene star closure);

Lo (homomorphism);

S St e v~

Lo~ (inverse homomorphism,).

Indexed languages also have a definition using an automaton, called a ‘ nested stack

automaton’, for which we refer the reader to [51], Section 6.
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L-Systems

We start with the definition of ETOL languages in Section B.1. Section B.2 covers
a definition of ETOL languages using automata instead of grammars. The next few
sections cover alternative definitions of EDTOL languages, however the equivalence
of these definitions is non-trivial. Section B.8 proves that ETOL languages are

indexed, and presents some corollaries that can be drawn from this.

Whilst we will focus on EDTOL languages, we will mention a number of other L-
systems. The acronym TOL stands for Table 0-interaction Lindenmayer, and defines
an L-system that is equivalent to an ETOL system with no extended alphabet. We
will use L-systems that are TOL systems with the following additional letters:

—_

. E (extended) - there is an extended alphabet;

2. D (deterministic) - tables are free monoid endomorphisms;

w

. P (propagating) - tables or endomorphisms are non-erasing; that is, they map
no letter to the empty word;
4. H (homomorphism) - this language is the image of the remainder of the
acronym under a free monoid homomorphism;
5. N (non-erasing homomorphism) - this language is the image of the remainder
of the acronym under a non-erasing free monoid homomorphism;
6. W (weak coding) - this language is the image of the remainder of the acronym

under a weak coding;
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7. C (coding) - this language is the image of the remainder of the acronym under

a coding.

B.1 ETOL languages

ETOL languages are a generalisation of EDTOL languages, and can be thought of as

a ‘non-deterministic’ variant on EDTOL languages.

In order to define an ETOL language, we first need to define a table.

Definition B.1.1. Let C be an alphabet. A table t over C'is a set of tuples (¢, K.),

for each ¢ € C, and where K, is a finite set of words over C'.

Tables act as rewrite rules on words in C* as follows. If w = ¢; --- ¢, is a word over
C, where each ¢; € C, then the set of images of w under a table ¢, denoted wt, is
defined by

wt=A{v1--v, | (a, K,)€tand vy € K, for all i}.

Tables t; = {(¢, K.) | c € C} and t3 = {(¢, M,.) | ¢ € C'} over C can be composed

t1t2:{<c, UMd) CGC}.
deKc

Remark B.1.2. Tables are often presented as larger sets of tuples of letters an

to create a new table

words, rather than tuples of letters and sets. For the work we do later on, the latter

definition is easier to generalise, so we have used this.

We give some examples of tables, and how to compose them.

Example B.1.3. Consider the alphabet C'= {1, a, b}, and two tables over C"

ti ={(L, {aba}), (a, {a, a*}), (b, {b})},  t2={(L {L}). (a, {a, B}), (b, {V*})}.
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These can be written as

L] aba 1| L
i ala, a ta: ala, b-
b b b | v?

The composition is
1| ab’a, ab®, ba, b*
tita: a |a, b, a®, ab, ba, b* .

b b?

We can now define ETOL languages which are a generalisation of EDTOL languages.
We base our definitions on our definition of EDTOL languages; however, there are a

number of equivalent definitions used elsewhere, as discussed in Section 3.3.

Definition B.1.4. An ETOL system is a tuple H = (X, C, w, R), where

1. 3 is an alphabet, called the (terminal) alphabet;
2. C is a finite superset of ¥, called the extended alphabet of H;
3. w e (" is called the start word;

4. R is a regular (as a language) set of tables over C, called the rational control

of H.
The language accepted by H is L(H) = XN Uy wo-

A language that is accepted by some ETOL system is called an ETOL language.

We extend the notion of an endomorphism of a free monoid fixing a letter to tables.

Definition B.1.5. Let C' be an alphabet, and let ¢ be a table. We say ¢ fixes a
letter a € C' if ap = {a}.

Remark B.1.6. EDTOL systems can be viewed as ETOL systems, where for every
table ¢ in the rational control, and for every letter ¢ in the extended alphabet,
lcp| = 1. When talking about systems that could be ETOL systems or EDTOL
systems, we will often treat them as ETOL systems, with the understanding that in

the EDTOL case, we are adding the above restriction on the lengths of images.
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B.2 CSPD Automata

Introduced by van Leeuwen [92], CSPD automata give an alternative method of
describing ETOL languages, and are sometimes easier to work with than ETOL

systems. We give a brief definition and explanation of how they work.

These machines are a generalisation of pushdown automata; they still have a finite
state control and a pushdown stack, but they also possess a second stack called
the check-stack. When attempting to read a word using a CSPD automaton, there
are two stages. The first stage comprises choosing a check-stack from the regular
language of allowed check-stacks. After it is chosen, it cannot be edited; the machine

will move up and down it without changing it.

During the second stage, the word is read letter by letter. When reading a letter a,
the machine looks at the state it is in, the letter at the top of the pushdown and
the letter within the check-stack at the same height as the pushdown, in order to
decide what to do next. It then removes the pushdown letter it looked at (possibly
e), places a new symbol on top of the pushdown (again, possibly ¢), and moves up
or down the check-stack stack, so that the length of the pushdown and the position

on the check stack always remain the same.

Definition B.2.1. A check-stack pushdown automaton (CSPD automaton) is a tu-
ple
A= (Q7 27 F7 A7 —L7 Ra 07 qo, F)u

where

Q is a finite set, called the set of states;

> is an alphabet, called the terminal alphabet;

I' is an alphabet, called the pushdown alphabet;
A is an alphabet, called the check-stack alphabet;
1¢ AUT is the bottom of stack symbol,

R O e

R C ({L} UA)* is a regular language, called the set of allowed check-stacks.

All words in R must be of the form L w for some w € A*;
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7. 0 is a finite subset of

(@ x (ZU{e}) x (AxT)U{(e, ¢), (4, L)}) x (@ x (U {L})),

is called the transition relation. All elements of 6 must be of one of three forms
described below. Elements of the transition relation are called transitions, and
the transition ((p, a, (z, «)), (¢, w)) is usually denoted (p, a, (z, a)) —
(¢, w);

8. qo € Q is called the start state;

9. F C (@ is called the set of accept states.

The three forms of transitions within the transition relation 8 are:

1. (p, a, (L, 1)) — (¢, w L). In this case the machine will be in state p, with
L at the top of both stacks, and will see and consume a € X U {e} as input.
It will then move to the state ¢, push w onto the pushdown, and also move up
the check-stack by |w|, so that the length of the pushdown and the position
on the check-stack remain the same.

2. (p, a, (r, a)) — (¢, w). This transition can be used when the machine is in
the state p, and sees x on the check stack, and « at the top of the pushdown,
whilst reading and consuming the input a € ¥ U {e}. The machine then pops
a from the pushdown, adds w to the pushdown, moves |w| — 1 positions up
the check-stack, and transfers to the state q.

3. (p, a, (g, €)) = (¢, w). This transition can be used when the CSPD automa-
ton is in the state p, with any possible symbols on both stacks, whilst seeing
and consuming a € ¥ U {e} as input. The machine then pushes w onto the
pushdown, moves |w| positions up the check-stack, and transitions into the

state q.

A word u € ¥* is accepted by the CSPD automaton A, if there is an allowed check-
stack w € R, together with a finite sequence of transitions in 6, starting at the
state go with L on the pushdown, and at the bottom (also looking at L) of the

check-stack, and terminating in a state within F', whilst reading u as input.
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The language accepted by A is the set of all words accepted by A.

Whilst first proved by van Leeuwen, Bishop and Elder have recently provided a

proof of the result, using modern notation [10].

Theorem B.2.2 ([92]). A language is ETOL if and only if it is accepted by a CSPD

automaton.

B.3 EPDTOL languages

EPDTOL languages provide another equivalent definition of EDTOL languages, when
the empty word is removed. They allow us to place an assumption on EDTOL
systems that endomorphisms are non-erasing; that is, they do not map any letters
to the empty word. They have also been used to prove a pumping lemma of a sort

for EDTOL languages ([86], Section IV.3).

Theorem B.3.1. A language L is EDTOL if and only if L\{e} is EPDTOL.

Proof Using Theorem 3.3.2, (2), we can assume € ¢ L. Let H = (3, C, w, R) be
an EDTOL system for L. We will define an EPDTOL system G based on H.

By Theorem 3.3.1, we can assume that w =1 for some L& C. The extended
alphabet of G will be D = {[¢, Z] | c€ C, Z C C}U{F}UZX, where F is a symbol
not already used, which we will use as a fail symbol. The terminal alphabet will be

¥, and the start word will be [L, @].

Let B € End(C*) be an alphabet of R. We now define the rational control of G.
For each ¢ € B, define ®, C End(D*) as follows. We first define, for any Z C C,

sucy(Z2) ={UCC | Zp=U}.

Let @4 be the set of all ¢» € End(D*), such that F'ip = F, and ayp = F, for all a € %,
and [¢, Z]¢, where ¢ € C' and Z C X, is defined by:

1. lf cp =d e C, then [¢, Z]y = [d, Z'] for any Z' € sucy(Z);
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2. If co =dy---dy, where d; € C for all 7, then
e, ZJp =[diy, {dv, ..., diy 1} U Z)[diy, Ziy) - |diy s Ziy )iy, Zi, U Z'],
for any Z' € sucy(Z), and any 1 < iy < iy < --- <1, < k, where
Zi;, = A{dij1, .o, dijy 1},

forall j € {1, ..., p};
3. If cp =¢, then [c, Z] = F.

Note that @ is finite for all ¢ € B. Let R be the regular language of endomorphisms
of D* obtained from C' by replacing each ¢ with the finite set ®,. Let § € End(D*)
be defined by [a, 9]0 = a, for all a € 3. We take the rational control of G to be Rf.

First note that G is indeed an EPDTOL system, as neither # nor an endomorphism
in any ®, maps anything to e. The symbol F' is used as a ‘fail symbol’. That is to
say, if ¢ € End(D*) is such that [L, @]¢ = oF'r, then all for all ) € End(D*), the
word [L, @]ép will contain the letter F', and thus will not be accepted by G.

The idea of the construction is to delete any ‘branches’ of a derivation in ‘H that
do not contribute to the word being generated. To do this, we record the minimal
alphabet of the branches we ‘plan’ on deleting within the letters of our extended
alphabet, that is, the Z within the letter [¢, Z], and only when all the letters in Z
have been deleted by H, that is Z = @, can we replace our letters [a, Z] for a € ¥
with terminal letters a. If we every ‘try’ to delete a letter that was not marked as
a letter for deletion, we instead map that letter to F', as we can only accept words
that are accepted by H with deletion by marking the letters that are deleted for
deletion first. Note that this method will create many new derivations that accept

nothing. 0
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B.4 The Copying Lemma

Whilst the pre-image of an EDTOL language under a monoid homomorphism is
not always an EDTOL language, sometimes this is the case. The Copying Lemma,
proved by Ehrenfeucht, Rozenberg and Skyum ([40], [42]), allows this to be done in
certain cases. Ciobanu and Elder recently noted that this result also preserves space

complexity [19].

Theorem B.4.1 ([40], Theorem 1; [42], Theorem 3.3; [19], Lemma 5.2). Let ¥; and
Yo be disjoint alphabets, and K1 C ¥} and Ko C Y% be languages. Let f: Ki — Ky
be a bijection. If

K ={w(wf) |we K}

is ETOL, then Ky, Ky and K are all EDTOL.

Moreover, if an ETOL system for K is constructible in NSPACE(f), where f: Z>y —
Lo, then there are EDTOL systems for Ki, Ko and K, all of which are definable in
NSPACE(f).

B.5 DTOL languages

Before we embark on the sequence of proofs used to show that the class of HDTOL
languages is equal to the class of EDTOL languages, it is convenient to first define
DTOL languages. These are similar to EDTOL languages, except there is no extended
alphabet, and the rational control is always expressed in the form B*, for some finite

set of endomorphisms B.

Definition B.5.1. A DTOL system is a tuple (X, w, B), where

1. X is an alphabet;
2. w € X* is called the start word;

3. B is a finite set of endomorphisms of »*.

A PDTOL system is a DTOL system (X, w, B) such that a¢ # ¢ for all a € X,
¢ € B.
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A language accepted by some (P)DTOL system is called a (P)DTOL language.

Remark B.5.2. DTOL systems can be thought of as EDTOL systems, using the
definition of EDTOL systems where the rational control is of the form B* (Theorem
3.3.1), where the alphabet and extended alphabet coincide.

Notation B.5.3. Let 3 be an alphabet, and w € ¥*. We use alph(w) to denote

the set of letters that occur within w.

Lemma B.5.4. Singleton languages are PDTOL.

Proof Let L = {w} be a singleton language. Then L is accepted by the PDTOL
system (alph(w), w, {id}). O

B.6 HDTOL, NDTOL, WDTOL and CDTOL lan-

guages

In a series of papers ([76], [75], [38]) Ehrenfeucht, Nielsen, Rozenberg, Salomaa and
Skyum considered whether using an extended alphabet for L-systems had the same
effect as applying a homomorphism. They showed that this was the case for ETOL
systems; every ETOL language can indeed be obtained as the homomorphic image
of a TOL language. For the fact that EDTOL systems are equivalent to the set of
languages that can be obtained as homomorphic images of DTOL language, they
refer the reader to the analogous proof for ETOL and TOL. We include here a proof
of this fact for EDTOL systems using modern notation. We also use most of this
proof to consider the addition of the restriction that endomorphisms in the rational

control are non-erasing, which we view in the subsequent section.

We start with the definitions of the types of homomorphisms we will be considering,
and the corresponding L-systems we obtain using the images of DTOL languages

under these homomorphisms.

Definition B.6.1. Let X and A be alphabets. A homomorphism ¢: ¥* — A* is
called:
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1. A coding if a¢p € A for all a € 3;
2. A weak coding if ap € AU {e} for all a € 3;

3. A non-erasing homomorphism if a¢ # ¢ for all a € 3.
A language L is called:

1. C(P)DTOL if L = M6 for some (P)DTOL language M, and coding 6;

2. W(P)DTOL if L = M6 for some (P)DTOL language M, and weak coding 6;

3. N(P)DTOL if L = M@ for some (P)DTOL language M, and non-erasing ho-
momorphism #;

4. H(P)DTOL if L = M@ for some (P)DTOL language M, and homomorphism 6.

We now consider the concept of ultimately periodic sets of non-negative integers.
These are sets of integers that are periodic, apart from a finite amount of transient

behaviour.

Definition B.6.2. A subset X C Z is called ultimately periodic if there exists
p, t, 41, ..., ix € Zxg such that i; < p for all j, and a finite subset F* C {0, ..., t—
1}, such that

X:{t+lj+pn|j6{1, ceey ]{I}, nEZzg}UF.

The smallest integers ¢ and p, such that the above equality holds, are called the
threshold and period of X, and denoted Thres(X) and Per(X), respectively.

We now define the spectrum of a finite-state automaton.

Definition B.6.3. Let A be a finite state automaton, and let ¢ be a state in A.

The spectrum of ¢ in A, denoted Spec(A, q), is defined by

Spec(A, ¢) = {]z| | = labels a path in A from ¢ to an accept state}.

The spectrum of a finite-state can be used to show that regular languages are in

some ways ‘periodic’; up to a finite amount of mess.
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Lemma B.6.4. Let A be a finite state automaton, and let q be a state in A. Then

Spec(A, q) is ultimately periodic.

We now separate states of finite-state automata into those with infinite and finite

spectra. This is because finite spectra will not have a period.

Definition B.6.5. Let A be a finite state automaton. A state ¢ of A is called weak

if Spec(A, ¢) is finite, and strong otherwise.

To avoid talking about period and threshold too frequently, and to deal with the
difference between strong and weak, we combine these notions into the uniform

period of a spectrum.

Definition B.6.6. Let A be a finite state automaton. The uniform period of A,

denoted m 4, is the smallest j € Z~, such that

1. For each state ¢ in A, j > Thres(Spec(A, q));

2. For each strong state ¢, j is a multiple of Per(Spec(A, q)).

We now define the spectrum of an EPDTOL system, based on our definition of a

spectrum of a finite-state automaton.

Definition B.6.7. Let G = (X, C, L, B*) be an EPDTOL system, and let D C C
be non-empty. The spectrum of D in G, denoted Spec(G, D), is defined by

Spec(G, D) ={|¢|s | ¢ € B*, where there exists w € ¥*, with alph(w) = D, w¢ € X*}.

We now define a finite-state automaton based on an EDTOL system. As we will see,
this is constructed so that the spectrum of the finite-state automaton and that of

the EDTOL system coincide.

Definition B.6.8. Let G = (X, C, L, B*) be an EPDTOL system, and let D C C
be non-empty. The D-spectral representation of G, denoted Ag p, is the finite state

automaton where

1. @ =P(C)\@ is the set of states;
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2. B is the alphabet;

3. qo = D is the start state;

4. F ={q € Q| qC X} is the set of accept states;

5. For all ¢ € ) and ¢ € B, there is a transition from ¢ to q¢, labelled by ¢.

The spectral representation of G, denoted Ag is the {_L}-spectral representation of
g.

Lemma B.6.9. Let G = (X, C, L, B*) be an EPDTOL system, and let D, E C C
be non-empty. Then
Spec(Ag g, D) = Spec(G, D).

Proof Note that Spec(G, D) is the set of |y| for all ¥ € B* such that ~ labels a
path in Ag g from D to a subset of ¥. Note that the choice of E only affects the
start state of Ag g, which does not affect Spec(Ag g, D). Thus

Spec(Ag ., D) ={[ols | ¢ € B", Dy C X}
= {|¢|s | » € B*, where there exists w € ¥*, with alph(w) = D, w¢ € ¥*}

= Spec(G, D)

We now combine the lemmas we have just shown to obtain the fact that spectra of

EPDTOL systems are ultimately periodic.

Lemma B.6.10. Let G = (X, C, L, B*) be an EPDTOL system, and let D C C
be non-empty. Then Spec(G, D) is ultimately periodic.

Proof This follows from Lemma B.6.9, together with the fact that the spectrum
of a finite state automaton is ultimately periodic with respect to any state (Lemma

B.6.4). O

We use the previous lemma to extend the notion of a uniform period to an EPDTOL

system.
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Definition B.6.11. Let G be an EPDTOL system. The uniform period of G, denoted

mg, is defined by mg = m4,.

We now define the indexed spectral representation of an EPDTOL system. This is
another finite state automaton defined from an EPDTOL system, except we have
added indices to the states and the productions in the alphabet, to allow us to track

where we are with respect to the uniform period.

Definition B.6.12. Let G = (X, C, L, B*) be an EPDTOL system, with spectral

representation Ag = (@, B, d, qo, F'). Fix an ordering on Q: @ = {uo, ..., u,},
where p = |Q| — 1. For each ¢ € B, and i, j € {0, ..., p}, define ¢*/ € End((C' x
{0, ..., p})) (noting that the letter (a, i) € C'x {0, ..., p} will be denoted a’), by

(Wb aew
az(bz,j — ' n

a’ a & u;.
where a¢p = by - - - b, with b; € ¥ for all [. The indezxed spectral representation of G,

denoted Zg is the finite state automaton Zg = (Q, B, 6, Gy, F), where

Q={ux{i}|i€{0, ..., p}};

B={¢"|¢€B, i je{0, ..., py U{Y™ |4, j€{0, ..., p}};

o = qo % {0} (note up = qo);

F = {u; x {i} | u; € F};

For all pairs of states u; x {i}, u;x {j} € Q and each ¢ € B such that u;¢ = u;,

AN

there are two transitions from u; x {i} to u; x {j}, labelled with ¢/,
We will often refer to the indexed spectral representation of an EPDTOL system G,
where we assume some order on the states of Ag has been fixed.

The indexed spectral representation of an EPDTOL system has the same spectrum
as the spectral representation, thus giving that it is uniformly periodic of the same

uniform period.

Lemma B.6.13. Let G be an EPDTOL system, and let Q) be the set of states of the
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spectral representation Ag. Then for each u; € Q,

SpeC(Ag, uz) = Spec(Ig, uz)

In particular, ma, = mz,.

Notation B.6.14. Let G = (X, C, 1, B*) be an EPDTOL system accepting a
language L, and Ag = (@, B, §, qo, F) be the spectral representation. Fix an

order on Q = {ug, ..., uy}, and let Zg = (Q, B, 6, o, F') be the indexed spectral
representation.
Note that quch C Y x{0, ..., p}. Define A(G, k), for k € {0, ..., mg}, to be

the language of all af ---a; € (Uzeg)* such that

1. ay---a; =1L ¢, for some ¢ € B* such that |¢p|p = mg;
2. ¢ traces a path in Ag from qq to u;;
3. mg + k € Spec(Ag, u;).

For every r, s € {0, ..., p}, and k € {0, ..., mg}, let B"** be the set of all words
PUOVL - .. pUma=1"mg over B of length mg, such that r = vy and s = Umg- Let
Bk _ U Br,s,k'
r,s€{0,...,p}
mg+k€eSpec(Ag,ur)NSpec(Ag,us)

Let C = {¢ | ce C, i € {0, ..., p}}. Define a homomorphism 0: C* — C* by
ch = c.

Fix k € {0, ..., mg}. For each w € A(G, k), let Hg . be the PDTOL system

(C’, w, B*). Now let

Mg rw={z € X" |z = yb¢ for some y € L(Hgrw), ¢ € B* with |¢p|p = mg + k}.

We have now set up the notation and basic lemmas we need, and we can start
the proof that EDTOL languages are CDTOL. We start by showing that languages

accepted by EPDTOL systems are the (finite) union of a finite language with the
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languages Mg j..,. We will then go on to prove that these languages themselves are
also finite unions of CDTOL languages. At that point, it will be sufficient to show
that finite unions of CDTOL languages are CDTOL.

Lemma B.6.15. Let L be a non-empty EPDTOL language, accepted by an EPDTOL

system G. Then
L=Fu |J Mg (B.1)

kE{O, ey mg}
weA(G, k)

Proof Let Fg = {w € ¥t | w =L ¢ for some ¢ € B* with |¢|p < 2mg}. Note

that Fg is finite. By construction,

Fou | MorwCL

ke{0, ..., mg}
weA(G, k)

We now show the other direction of containment. Let u € L. If u € Fg, then there is
nothing to prove. Otherwise, u =1 ¢ for some ¢ € B*, |p| > mg. Let ¢ = )y - - 1,,
with each ¢; € B. Write r = [,mg + k,, where [, € Z~o and k, € {0, ..., mg — 1}.

Let z; = zv; for every .

Let Ag = (Q, B, ¢, qo, F') be the spectral representation of G, and fix an order on
Q = {uo, ..., up}. Let i € {1, ..., I,}. Note that z;,,p = z, for some ¢ € B*
with [¢|p = (I, — i)mg + k,. So (I, — i)mg + k, € Spec(Ag, alph(z,,,)). Recall
that Spec(Ag, alph(z,,;)) is an ultimately periodic set (Lemma B.6.4), with mg
greater than the threshold, and a multiple of the period. Using this, together with
the facts that mg + k, > mg and (I, —i)mg + k, € Spec(Ag, alph(z,,,)) gives that
mg + k, € Spec(Ag, alph(zim,)).

By construction, there is a path in Ag from gy to a vertex u;, € @, labelled with

WPy - - -1y, for all i. We have that

Write @, = ¢1--- ¢ for letters ¢; € C. Since alph(zy,;) = uj, we now have that

c{mg ---cimg € AG, k).
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Let z = cjlmg @™ and write T(t,—1ymg = d1 - - - ds. Note that ¢1 -+ - ¢ = T, —1)mg.

for some ¢ € B* with |¢|p = (I, — 2)mg. We can therefore write ¢ = @1 --- ¢y, o,

where each ¢; € B™9. Moreover, since u; = alph(z;) for all ¢, we have that
J1:52 Jip—2Jlp—1 __ ilp—1 Jir—1
2801 "'901:_2 " _dlr "'dsr .

We now show that d/"'---dl" ' € L(Hgs w)). It suffices to show that each
)7+ € B We have already shown that mg + k, € Spec(Ag, alph(z;,,)) for all

i, and by definition, ¢}"7"*" € Biiditihr,

Using this fact, together with the fact that there exists ¢ € B* with |¢|p = mg + k.,
such that

(d{lr—l . e dglr71>9¢ = Q:(lr—l)mgd) = x"

and so x € Mg i, ., as required. 0J

We now show that the languages Mg j. ., are indeed finite unions of CDTOL languages.

Lemma B.6.16. Let L be a non-empty EPDTOL language, accepted by an EPDTOL
system G. Let k € {0, ..., mg}, and w € A(G, k). Then Mgy, is a finite union
of CDTOL languages.

Proof For each non-empty D C C, and i € Zsg, let ®p; = {¢ € B* | |¢|p =
mg +1i, Do C 3}, Let

Z={c""|deB" redp, acS}u{c"™|c € B* 7€ dpy, ac},

where the bold versions are distinct copies of each ¢#™¢. Let ¢ € B*. Then ¢ € B"%F

for some r, s € {0, ..., p}. For each 7 € ®py, define ¢ € End(Z*) by
rpsa T 8,Tbi1 gs,mbia  35T0ing gs,mbar gs,mbze 35Dy byt 38, mbea | g8,Tyb
cPlPT = dyTMdy d; dy""ds d, dsmov s d;mrem
Cr,pa¢7— =¢,

where C¢:d1"'dv, le:bll"'blnla cey dvT:bvl"'bvm,-
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Write w = ¢} --- €. Let

] j b 7b 9 ’b n
W(w) _ 6Z17T,b1162277'7b12 .. .ei Tbiny ezmbgl 627T7bg2 . e‘;T gng | = (I)ui’mg+k7 bjl .. bjnj
Define
k
B={¢"| r,s€{0, ..., p}, ¢ € B"", 7€ Dy i}

For each y € W(w), let &4, be the DTOL system (Z, y, #). Let n: Z* — ¥* be
the coding defined by (c"™*)n = (c"™%)n = a. Note that W (w) is finite. It therefore

suffices to show that

Mg,k’,w = U L(gk,w,y>77-

yeWw (w)
Let © € L(&Egw,y) for some y € W(w). Write z = a; - - - a,,, where every a;, € X. Then

there exists r = zn. for some z = Ci1,7,a11 . Cim’,aml
/’77 1

e Cf}’UvT’avl e C:L,:]U’T7a'””v) 6 Z+
If z =y, then z € L(Hgkw), by the construction of W (w). Otherwise, ¢;7 = a;, for
all 4, and |7| = mg + k. In order to show x € Mgy ., it therefore suffices to show

that ¢! -~ cin € L(Hg ) But ¢ ---cn = wg, for some ¢ € B*, as required.

Now suppose © € Mg ., Then x = 260¢ for some z € L(Hgjw), ¢ € B* with |¢|p =
mg + k, where 6: C* — C* is the projection map. Thus there exists 1) € B*
such that wy = z. If [¢p|gr = 0, then z = w, and we can simply choose y =
ei’T’b“eé’T’bm ‘oo ei’T’bl"l ‘e ez’T’bgleZ’T’ng . -ej’f’bg"g € W(w) such that by - by, = 2,

T € L(Sk,w,y)n-

Otherwise, pick any y € W(w), and write ¢ = 1), ---1; with each ¢; € BrisiF

noting that ¢ > 1. For each i € {1, ..., t — 1}, choose any 7; € Dy, k- Let 7 = .
Then

yw? . Z’t — Ci,n,au . Ci,Tt,aml L Cf}’Tt’avl . Cf)’n’a”"”,
where ¢1---¢, = wp = 20, a1y -+ - ayp, = 207 = 20¢p = x. Thus yy¥i' ---Y'n = x,
and x € L(Egwy)n, as required. O

Combining our previous lemmas gives the following.

Lemma B.6.17. A non-empty EPDTOL language is a finite union of CDTOL lan-

guages.
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Proof Using the fact that singletons are CDTOL (Lemma B.5.4), the result follows
from Lemma B.6.15 and Lemma B.6.16. U

In order to show that EDTOL languages are CDTOL, it remains to show the following.

Lemma B.6.18. Finite unions of CDTOL languages are CDTOL.

Proof Let L and M be CDTOL languages over an alphabet 3. Suppose LUM # &.
There exist DTOL languages K, and K, accepted by DTOL systems (Cp,, wy,, By)
and (Cys, wyr, Bar), respectively, together with codings 6 and 6, such that L =
K0 and M = K;0,,. By replacing C); with a copy of itself that is disjoint from

C, and updating ¢,; accordingly, we can assume that C'; and C}; are disjoint.

Let 1¢ CL,UC)y. Let C = {1} UCLUC)y. For each ¢ € By, define ¢ € End(C*)
by
_ eC
o = ap c L
c c¢Cyp.

Define v for each 1) € Cj; analogously. Define ¢, ¢y € End(C*) by

wrp c=1 wy c=1
cor, = com =
c c#1, c c#Ll.
Let B = {¢ | ¥ € By UBy}U/{¢}. Note that L # &, and so there exists u € L.
Define the coding 6: C* — ¥* by

b, ceCy
ch = Dy ceCy
u c=1.

Consider the DTOL system H = (C, L, B), and let K be the language it accepts.
By construction, K6 = L U M. O

The fact that codings are stronger than weak codings, non-erasing homomorphisms

and homomorphisms allows us to show that that the classes listed are all equal.
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Theorem B.6.19 ([76], Theorems 6.2-6.5). Let L be a non-empty language. Then

the following are equivalent:

1. L is EDTOL;
2. L is CDTOL;
3. L is WDTOL;
4. L is NDTOL;
5. L is HDTOL.

Proof (1) = (2): Using the fact that the class of CDTOL languages is closed
under finite unions (Lemma B.6.18), together with the fact that {e} is CDTOL
(Lemma B.5.4), it suffices to show that L\{e} is CDTOL. By Theorem B.3.1, L\{s}
is EPDTOL. So by Lemma B.6.17, L\{¢} is a finite union of CDTOL languages. The

result now follows by Lemma B.6.18.
(2) = (3): This follows as codings are weak codings.

(3) = (1): Since DTOL languages are EDTOL, this follows by the fact that the class
of EDTOL languages is closed under applying a homomorphism (Theorem 3.3.2 (5)).

(2) = (4): This follows as codings are non-erasing homomorphisms.
(4) = (5): This follows as non-erasing homomorphisms are homomorphisms.

(5) = (1). This also follows from Theorem 3.3.2 (5). O

B.7 WPDTOL and HPDTOL languages

We now consider what can be done if we want to assume our HDTOL systems have
only non-erasing endomorphisms. We have seen that with EDTOL systems, this
does not affect the expressive power. With NDTOL, and thus HDTOL, it does work.
The author does not believe it would be difficult to modify this proof to show that
it also works for WDTOL systems, however CDTOL systems appear harder. It may

require a different approach in order to determine whether or not the addition of
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the assumption that endomorphisms are non-erasing affects the class of languages

that CDTOL systems accept.

Whilst these classes of languages have not been used when studying equations so
far, they have the potential to be used to show some solutions to equations in groups
cannot be expressed as EDTOL languages, as their more rigid structure is easier to

work with to show languages are not EDTOL, than the structure of EDTOL systems.

We begin by reproving Lemma B.6.16, except for WPDTOL languages, rather than
CDTOL languages.

Lemma B.7.1. Let L be a non-empty EPDTOL language, accepted by an EPDTOL
system G. Let k € {0, ..., mg}, and w € A(G, k). Then Mgy, is a finite union
of WPDTOL languages.

Proof For each non-empty D C C, and i € Zsg, let ®p,; = {¢p € B* | |¢p|p =
mg + 1, Do C X}, Let

Z={c"|ceB" 1€dp, acXtU{c™ | e B 1€ dpy, acTIU{k},

where the bold versions are distinct copies of each ¢#™¢. Let ¢ € B¥. Then ¢ € Bk
for some r, s € {0, ..., p}. For each 7 € ®p, define ¢™ € End(Z*) by

rp,a o 38,Tbi1 gs,mbiz 8,Tb1ny 35,7,b21 s,Tba2 8,T,bany L sTobut g5, Tby2 . 35,T,bun
CPAGT = ST Qs b g d; b gsimbz L gsimbuny

C?",pa¢7’ — I{QST — /{,

where co =dy - dy, dyT =b11 -+ b1y, ooy AT =by1 -+ byn, -

Write w = e} --- €. Let

L 3 b 7b 9 ’b
W(w) _ ezl,r,b1lez2,r,b12 . 'eiT Inyp .ez,r,bmez,r,bgz . e;T gng ‘ = q)uhngrk’ bjl .. b].nj — ejT}.
Define
k
%:{¢T| r, ERS {07 cevy p}7 ¢€BT,8, ) Teq)us,k}-

For each y € W(w), let &4y be the DTOL system (Z, y, #). Let n: Z* — X*
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be the weak coding defined by (c¢*"%)n = (¢*™*)n = a, kn = . Note that W (w) is
finite. It therefore suffices to show that

Mg i = U L(Ekwy)n-
yeEW (w)
Let x € L(&w,y) for some y € W(w). Write x = ay - - - a,, where every a; € X.

Then there exists © = zn, for some

i1,7,a 11,T,a1 ; ;
2 = (/{50011 T 11/{/(511 .. C1 ni /{51"1 . C’:}vﬂ—aavl ,{/61)1 .. Ci}”T’aan Révny) c Z"r‘

If z =y, then z € L(Hgkw), by the construction of W (w). Otherwise, ¢;7 = a;, for
all i, and |7| = mg + k. In order to show x € Mgy, it therefore suffices to show

that ' - cin € L(Hgpw). But i -+ cin = we, for some ¢ € B*, as required.

Now suppose © € Mg .. Then x = 260¢ for some z € L(Hgw), ¢ € B* with |¢|p =
mg + k, where 0: C* — C* is the projection map. Thus there exists ¢ € B
such that wy = z. If |¢p|gr = 0, then z = w, and we can simply choose y =
e’fT’b“eg’T’b” e ei’T’blnl e ef,’T’bglef,’f’bg2 = -eZ’T’bgng € W(w) such that by ---bg,, = x,

x € L(Ekwy)n.

Otherwise, pick any y € W(w), and write ¢ = 1), ---1; with each v; € BsiF

noting that ¢ > 1. For each i € {1, ..., t — 1}, choose any 7; € ®,_ . Let 7, = ¢.
7/7
Then
1 T .0 8,Tt,a11 .0 $,Tt,A1ny 6§ S,Tt,au1 .0 | . A8 Tt,Qvny .0
Y1ty = Ko K11+ €y Iy " Gy Ky1 77 Cy Kon,

where ¢;---¢, = wY = 20, ayy - ayy, = 207, = 200 = x, do, 011, ..., Oun, € ZL>o.

Thus y1* -+ - 'n =z, and © € L(& )7, as required. O

Using the results from Section B.6, we can now show that EPDTOL languages are

finite unions of WPDTOL languages.

Lemma B.7.2. A non-empty EPDTOL language is a finite union of WPDTOL

languages.
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Proof Using the fact that singletons are WPDTOL (Lemma B.5.4), the result
follows from Lemma B.6.15 and Lemma B.7.1. U

It now remains to show that finite unions of WPDTOL languages are WPDTOL.

Lemma B.7.3. Finite unions of WPDTOL languages are WPDTOL.

Proof Let L and M be WPDTOL languages over an alphabet Y. Suppose L U
M # &. There exist PDTOL languages Ky and K, accepted by PDTOL systems
(Cr, wr, Br) and (Cyy, war, Bu), respectively, together with weak codings 6, and
Onr, such that L = K0, and M = Ky0,,. By replacing C); with a copy of itself
that is disjoint from Cp, and updating ¢j; accordingly, we can assume that C';, and

C)y are disjoint.

Let 1¢ O, UC)y and C = {L}UCL UCy,. For all ¢ € By, define 1 € End(C*) by

_ eC
o = ) c T
c c¢CL.

Define 1) for each 1 € Cy; analogously. Define ¢, ¢y € End(C*) by

wrp c=1 wy c=1
CgbL = Cng =
c c#1, c c#Ll.
Let B={¢ | ¥ € By UBy}U{¢}. Note that L # &, and so there exists u € L.
Define the coding 6: C* — ¥* by

CQL (S CL
ch = Dy ceCy
u c=1.

Consider the DPTOL system H = (C, L, B), and let K be the language it accepts.
By construction, K6 = L U M. O

As with Section B.6, we use the fact that non-erasing homomorphisms are homo-

morphisms to show that the classes of EDTOL, WPDTOL and HPDTOL are all
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equal.

Theorem B.7.4. Let L be a non-empty language. Then the following are equivalent:

1. L is EDTOL;
2. L is WPDTOL;
3. L is HPDTOL.

Proof (1) = (2): Using the fact that the class of CDTOL languages is closed
under finite unions (Lemma B.7.3), together with the fact that {e} is WPDTOL
(Lemma B.5.4), it suffices to show that L\{e} is CDTOL. By Theorem B.3.1, L\{e}
is EPDTOL. So by Lemma B.7.2, L\{e} is a finite union of WPDTOL languages.
The result now follows by Lemma B.7.3.

(2) = (3): This follows as weak codings are homomorphisms.

(3) = (1): Since PDTOL languages are EDTOL, this follows by the fact that the
class of EDTOL languages is closed under applying a homomorphism (Theorem 3.3.2
(5)). O

B.8 ETOL languages and indexed languages

The fact that ETOL languages are indexed was noted in works of Christensen and
Salomaa in 1974 ([16], [88]), and seemingly first proved by Ehrenfeucht, Rozenberg
and Skyum that year [42]. Also in the same year, Salomaa conjectured that this
containment is proper [88], a fact that was proved by Ehrenfeucht, Rozenberg and

Skyum ([42], [39]). We give our own argument below.

Theorem B.8.1. ETOL languages are indexed.

Proof Let L be an ETOL language accepted by an ETOL system (X, C, L, B*);
we use Theorem 3.3.1 to assume that this ETOL system has a single-letter start
word, and rational control of the form B*. We will use this to define an indexed

grammar for L.
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We will define an indexed grammar to accept L. Our set of non-terminals will be
V ={S, T}UC, where C = {¢ | ¢ € C} is a disjoint copy of C. We extend the
action of the tables in B on C to C. Our start symbol will be S. Our alphabet of
indices will be x = B U {$}, where $ will be used as an end of stack marker. Our

set of productions P will be:

S — Ty ¢o —~wforallw €cp, c€C, p€B
T — T, forall p € B cg —~cforallce X
T L

Let G = (V, X, P, S) be an indexed grammar. We will show that G accepts L. For
any word w € L, we have that w €L ¢y --- ¢, for some ¢1, ..., ¢, € B. Thus we

can use the sequence of productions
S — Ts — Tsp, = - = Tsgr6, — Lspr -

After this, we can pop the ¢, off the word to obtain a word in L¢,, where every
letter will have the index $¢;--- ¢, 1. Proceeding in this manner to pop all of
the ¢y - - - ¢p_1 from all of the letters will yield any choice of a word in Ly - - - ¢y,
where every letter has the flag $. Since w € L¢; - - - ¢,, we can choose a sequence
of productions to yield w, where every letter is indexed using $. We then apply the

production ¢g — ¢ to each letter in w to yield w.

Conversely, any word w accepted by G will have to satisfy @ € L¢y - - - ¢, for some

¢17¢n€B ThuSU]EL |:|

The fact that there exist indexed was originally proved by Rozenberg, Ehrenfeucht
and Skyum (([42], [39])). We give an example here.

Theorem B.8.2 ([42], Theorem 3). Let K be a language over an alphabet ¥ that
is context-free but not EDTOL. Let > = {a | a € ¥} be a distinct copy of ¥.. Then

My = {ww | w e K}
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Appendixz B: L-Systems

18 indexed but not ETOL.

It was shown in [20] that the word problem of any free group of rank at least 2 is
not EDTOL. As this language is context-free, we now have an example of a language

that is indexed but not ETOL.
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